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Abstract

In the present paper the problem of statistical estimation of the nonlinear integral
functional of a regression function is discussed. For the regression function and its derivatives are
taken well known Pristley-Chao, Gasser-Muller and Nadaraya-Watson estimators. As an estimator

for this functional is proposed the plug-in estimator.

The problem is naturally considered in the Sobolev space and in all three cases the
Representation theorems are proved. There are introduced conditions for every variable of
considered problem. The difference between the exact value of the integral functional and the
value of the plug-in estimator is represented as a sum of the independent random values and a

remainder bye the Taylor formula. The remainder is estimated.

Also, in all three cases additional conditions are introduced and Consistency and Central Limit
Theorem are proved. The orders of the convergence is determined. Theorems are proved by the

estimation of the expectation and dispersion of the members of the Taylor formula.

The general methodology is used for some special cases. There is solved the estimation
problem of Fisher’s information and Shannon entropy for Pristley-Chao, Gasser-Muller and

Nadaraya-Watson’s regression functions.
In all three cases are proved iterated logarithm law.

There are shown numerical simulations in the form of tables and curves in the last
paragraph. The values of the regression function and of the integral functional are compared to
the exact value. Here are calculated the errors. The practical importance of the dissertation is

confirmed by this paragraph.
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2

95806 ™) hy, = 0 5 VIhE™2 - 00, Gags n = o, 33996905 Vr(1(@,) — 1(a,)) =4 N(0,72), byss

1 1A 2 2 !
PR o f((a ®) a(t)) "
5 (a(t)) a(t)
'a (0 1 (@) 1 (@)
= (i((l)) loga(1) — i((o; toga() - - D), 1. (@ ©) ) .

2

2 (a)* 2 (a@)’

aobgobowoegm I3(a) = ffooo(a(t))sdt 399694300mbs@l (s > 1), 35806 @(t,xg, X1, v\ X)) = X3,

x1 € [=b,b] o [k k], b > 0. ) h,, = 0 ©5 VNhZ™*2 > 00, GHeags n — 00, 35906 33946900

Vn(1(a,) — I(ay)) =4 N(0,72),

12



boo3
1
r? = s%¢? fas_l(t)dt
0
3obboos 9gbmbol EHodol 9bGHMmM30wo gmbjizombawo

[oe]

I,(a) = f a(t)loga(t)dt.
85306 939936 @ (t, xg, X1, ..., X;) = @(xg) = xglogxy, t € [0,1] => a(t) € [a,b],b>a >0 ©s b > b. 53
890mbg93580 09 hy, = 0 ©5 Vnh2™ 2 - 0o, GmEs n = 0, 33946905 3OJOSOMDS

Vn(1(a,) — I(a,)) =4 N(0,72),

bogs3

1 2

r? =g? fa(t)(l + loga(t))dt
0

000Mgo  dgdmbgzg30Lm30L  ©sd3H3I0EIOME0s  A96TIMEMIO0M0  WMYSOOMTOL MZ0LYdS.
9m3094356m0 9Mm-9M00 dsmysbo:

09905 4: 25LgH-00 0 580, ®v) hy, do 0> 05 0lig, O™
90995 4: 45L96M-00g©Hob 1idqdsdo, v hy, 309I3MMBds FgMHbgmE0s 0lg, rend

loglogn
R, = o gng , (16)

d5dob

limsup + \/ﬁ(l(an) - I(an)) -7

n-oo v/ 2loglogn

9md936m 35M53Mox3d0  FgbmIengdE0s Mogbzomo  LodMWwsE09do, MHmdgos

390dm390mMwos  bOOEgdols s 3M95303900L  LYTMOgdom.  LOTMES(30900  Z0DIEIMOE
SL5dMmGAL MmO F99A90U.

(17)

G9JuGHTo  439web  49dmygbgdeos  ®58gbody Ebmdowo  ©YdMEgds. o Tmy3gogl o0
©90gd900L  BMEOIM0Mmgds AbxJMdOLIL (F0GHOMIOOL  QoLTIMEH039dWs®. Ju I GdJdO
390dgds dmgzodomo dmbma®Mogosdo [30].
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053-0505030©0l  MEHMemds (McDiarmid inequality): goddgsm, H(ty,ty,...,tx) 0bgoO
65903000 8163009, OHMA 25633900 €;-900LM30L, ymzgwo i = 1,2, ..., k-030L bOerEgds

|H(t1' Loy s bimts iy Liegs oees tk) - H(tll [ FRIVE T VY 2% SRS PREp tk)l =G (18)

MEHMEMIGd0.  30dzom, X1, Xy, ., X 96006 ©odm3000909¢0  99dmbggzomo  LOWOWYII0S
3603369mdgdom H(ty, ty, ..., tg) BbJ300L 49bLsBOZMHOL (0. 35306, bgdoLdogho OIdOMO &-

30L LOMEYOS YEMEMOS

TNk 2
i=1¢

2e2
P{H(Xy, Xpy o, Xi) — EH(Xy, Xgy o0, Xi)| > €} < Zexp< —) (19)

09blgbols MEBHMmds (Jensen’s inequality): gmggero @(x) s0mBbydowo gmbJzoobsmgol ©s
y4m39w0 X 99900b3930000 LoEOOLIMZ0L BsdsMIMW0sb0s 98I0 MIBHMEMDS:

@(E[X]) < E[p(X)] (20)

dM90-356¢9gwol @qgds (Borel-Cantelli lemma): gogzsm, A, n = 1,2,.. bomdowmdsms
900093055 MM 5EdSMM LOgME)HY. )

Z P{A,} < o,
n=1

95906 5ed5mMd5 0doLs, MM Imbgds MLLLGWWME 393600 A,, 560l 0-0b GHmero:

P { lim sup An} = 0.

n—oo

39830006306 Emmmds (Hoeffding's inequality): goggom, Xi, X5, ..., X, 90056 oligoo bsdgowo
5393009090 F90mbz93000 10EOYJd0, MHMI gmzggwo i-Lomzol X; 0gdl 3609369 mdgdL
[1, pi] 06¢96035¢00056. 390mz300m0m 50b0dg6s

n
DX
i=1

95906 6930Ld0gMHO SO0 t-LoMZ0L LETsMMW0s60 0gbgds G990 MEMEMBY:

Y,,.

P{ly —ElY|| =t} <2 < 2t” ) (21)
- = S Zex - < -
P k=1 (i — p;i)?

b9dmm, ImzegE S0HgMowo, 990093900 459md399bgdEos 999y LESGH0gdd0 [27-29].
14



§L. 3MMdgdols slids

693M9b0oL  dmEIEEol  Asbbogs, A50M33g3s s MYAMLOOL FMBJ300l  9agds  doe By
3930390900 BEASGHOLAHOZMOO FOMIWYTss. MJAMILOOL BMmEIEgdol F9ddbs AE0gMO 05OV

©ol5330M398g0  33eoEol  dmdsgscwo  360836gcmdsms  LoBEMOZEoLy s LadOHMPbmbM
9600369cmd900lL  LEbEMMdOL  0b6FHYMZ5¢gdol  Jgloddbgrs®, Lobmasm, d60d369wmdgd0L
36OHMabMBoMHGOOLOMZOL.

693M9b00L Yz9wsBg JoMEH030 Imgeos HHB030 MYaMglool Imwgwo, MmIgEos dmoigds
39900920 Laboon:

Y() =B+ b1t +e(t), (1.1)

Loog £(t) o0M0b 30m3ogds s Fomdmoygbl 893mbggz0m LoOEIL, GMAWOL bydwysem braeos
©5 ©EoL3gMLOs 8B0g05 s LbOwwo: Ec(t) = 0, Ee?(t) = 02 < o; Y(t) 898mbgggomo g1bJ3oss,
GM3oLozobsg 393395860 Y (t1), Y (t2), ... , Y (t,) ©0533060390900 @ 59 ©©533060390900L5030L sboggdos
®93M9b00L BMBJ30s. ) gl IMPYO 35MPSIW SVFIOL MgoEMBSL, 85306 Tglisdwgdgeos £, i = 1,2-b
99535900L  godmm3zs,  ©o133BIBOL  A939MIds O 3MMABMBO. JoM3zg  bsbsBBY  9M339Mwo
©53306390900L5M30L 529005 iB5030 MJaMgool Bwbsos.

Bobobo 1.
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65 bgds H®MLsg FOR030 MIMHIL0s 5O 5M0L goblobowrggmo 3GMmEqLOL s®Yd3sEwM0? 53
©OML  SWEHIMbSGH0ME0  B0AMTds  9MHOB0Z0  MgaMalool  dmEawo, MmAgwoi  Boofgemgds

990009bs06Moc:
Y(t) =a(t) +e(t), te][0,1]. (1.2)
35509, 53 BHMEW®dS30 ¥36MdO MHYAMgLooL a(t) gmbgsos sGob Y (t)-b 350gds@03Mo womeobo
a(t) =E(Y (D).

() oMoL 99Igmmads bemgzsbo  LsFMSM™MO s LELEOWMO, M SY3OEGdSE  FT030,
©ob3gMboom, Ee(t) =0, Ee?(t) = 0%(t) <oo; Y(£) ©533063905@0 d9dmbggzomo  gubdzoss.
53998350, 33593b 1 FaOGoro:

OStlﬁtZSStnSL

Lo MomMmgeo ty, k=1,2,...,n ©0m30090wos n-vg obg GmI max;|t; — t;_1| = 0(%) 50

096309080 goa3956605 ©933060390900:
Y(tl)l Y(tZ)f ey Y(tn)

50 ©53306390900L LTG0 bEgds MEBMdO MJaMabool a(t) iwbdsool gzgslgds.

(1.2) 8m@yol 33935, 30MHMdYdOL dmdgdbs, GMIgbsg bs 53059mBowgdgL  &(t)
99953000905 5 BMbd30900L 08 Jeslol sgbs, MMdgdog Mbs 39dgdmo  a(t) gwbdzool
BGOGHOLE03MM0 Fgi3oligds, FoMdmogbl 56M5356M539BHMME0 BGsGHOLEH030L doewbg 8b0d3bgem3s6
50m396sL.  (36MdOE0s 50 IMmgerol Jgufogerol s MYMgbool  gmbaool  sggdol  Mdgbody
90 Mds. 503fgMmm Bzgbo 331930l 0bEHIMLYdTo 99do35¢0 JoEAMIOO.

"3bmdo MgaMabool a(t) gwbdgool gOm-ghmo Jgusligds dgdmegde 0dbs 3MOLEHWOLS ©s
Bl 8og6 (ob. [10-11]) s gobloBwgz®eos 999gabsosc:

an(t) = 2 w(: ,:n“) A h ey, (1.3)

h
i=1 n

boo3, thy, 1= 1,2,...} 8cbm@mbm®aq, 0-1396 3098500, IIBOMO BHOEb3gdOL J0BIZOMBS, W (t)
30 - 5e3500¥)MH0 10330030l M30L9d9gd0L IJMmbg BWBJE0ss. B Foge ABLEBVIOs MgyMglools
32169300 k-60 Gogol a® (t) Gomrdmgdmaols 39e3sl9ds3 399w9abs0Ms©

n
1 t—t)\ ti—ti_
iy’ () =K E W(k)< l)' l 3 — Y (t) (1.4)

h
noi=1 n n

gmggwo k =0,1,2, ... ,m-0300L. 5 5 939900 Bsgmgeom, Hma d,(lo)(t) = a,(t).

16



©93M9LooL a(t) gmbygool 3093 9Mmo FgxsL9ds F9dmegdye 0gbs FoLgMOLL s dovyEgmol
9096 (ob. [12-13]) 9939abs06so:

n Si
8, (t) = 1 Z fW(t_
T 4 P
t=1si4
1

Lsog, 0=Sg<sy S <sp=1 <5<ty (=0123,..,n—1 @ maxls—si1|=0(>);

u
) du-Y(t), (1.5)

{hp, n=1.2,..} 3cmbm@Emba®o, 0-b396 309850, OEIBOMO MOEH3gdOL J0dY3MMdS, W (L) 3o -
5Ed50)M0  10J33M030L  ™MZ30L9d9dOL  dJmbg  BMBJg0ss. 93 FggBOLYBOLMZOLSE Too  FogMgzgs
256LsbO3OHMWo MEbmdo BYaMool Bb300L k-m9m0 Gogol ald(t) Fo®dmgdemmol Bgxsligdss
3990096506M500:

~(k
a () =

(1.6)

h k+1

ymggo k =0,1,2, ... ,m-mz0.

36mdow0s, 30093 gOMO FgxsLgds MEbmdo MgaMabool a(t) §Mbdzoolsmzol. gl Fguslgds
9990993990 0965 650050505L5 S 35ELMBOL Joge (ob. [8-9]) s 4obLEBOZMM0s F9dgabsoMa:

n t—¢
(=) i (&), (.7)

t—t

b0, {hy, N = 1,2, ...} 8mbm@Emby®o, 0-1396 309950, EIIVBOMO MOEHL3gdOL B0dYZOMDSS, W (t)

30 - 5Q0350M0 10330030l M30L9d9gd0L AJmby B3mbJEoss.
L0dsMEH030L8mM30l Fgdmz00Mmm >5©bodgbs:
t—t;
w (%Y
t—t
v ()

B556505-35@LMBOL Fgg35l9ds gos0figMgds 9999absots:

= (l(t, ti, hn)

n

an(0) = ) alt,tyhy) V().

i=1
L5FoODE0560S

n

Z a(t, t,hy) =1

i=1

17



n

Z a® (t tyhy) =0

i=1

BH0mdIdo (5 ©s 999980 y39wash a®(t,t;, h,)-80 opryeolbdgds k ool Go®dmgdrymo t
33050l d0dsMm).

g0 506083600  B5sM05-35ELMBOL  HgaMglool  gmbJgool  k-mGo  Gogol  al(t)
Domdmgdenol Ggg3sligds 999gabsoma BsofigMgds

n

AP =5 Y @ th) V(2. .7

n =1

dgmMg  bsbsBBy 2903390 ©33060390900LSMZOL  S3JIMY0s  SMIMFB0Z30  MYAMLOOL
B96d300.

Bobobo 2.

g39ws  sefgho  99dmbgzgzsdo  oqbowos  8gueligdoms  doeradeEmds s  bbgs
51083GMGHOHO M30190900.
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§2. 3MoLGo-Bomls 3983990930 s BMBJz0mboengdols
SL033GHM GO0 30593900

30935m, a(t) 6ol MgaMgbool Bwbdisos. 39Gdm Fgdmbggzgddo dgodergds 4sbbowrvyeo 0dbgl
39900930 369 50Mmbsegdo:

[oe] [oe]

Li(a) = faz(t)dt, Iz(a)zf

— 0o — 00

(@®)’
a(t)

dt,

[oe] o]

I;(a) = j (a®))’dt, IL(a)= f a(t)loga(t)dt.

— 0o — 00

b BMbJg0mborgdo (3039 Igufogerols bogsbos Lbgoalibgs 33¢g39d0Lsmazol. B39 o 2o0mz0949bgdom
3omm30L 9MM056 JoEAMTL, MMIGO3 STYsMGO0s 9.0. FoMTImqbol MgmMgds®y.

39630bomm 3MoLEWo-Bsml MgaMgbools dmgwo:
Y(t) = a(t) + €(t), 2.1)

Losg t €1[0,1], €(*) 6oL Bgdgmmgds bmewmgsbo Ladwmswmmo s LalBwo ©s dmdogo
©ob3gOLoom, Ee(t) =0, E€?(t) = 0% < o0; Y(t) 89dmbggzomo xu9bdgoss; a(t) 3o - wbmdo
693609b00b 53MbJE0s. 931350 235d3L W330639dsMs N HeBBHowO:

OStlﬁtZSStnSL

boOE, PONMIMWO ty, k =1,2,..,n ©50m300901wos n-By, oly G®I max;|t; —t;_1| =0 (%) 50

DoOEGH0wg0d0 253358605 ©033003909d0: Y (t1), Y (t2), ... , Y (t,).

236mdo Ggacgbool a(t) BMbJzool gMom-gmmo Fgxslgds dg9dmegdmen 0dbs 3MoLEEOLS ©o
Bl Bog (ob. [10-11]) s gobloBwg®emos 999gabsoMsco:

an(t) = 2 w(: ,:n“) vy, @.2)

i=1 n

booE, thy, 1= 1,2,...} 8cbm@mbm®ao, 0-1396 3098500, SIBOMO BHOEL3YdOL J0BIZOMBS, W (t)
30 - 5e0350¥9)M0 103300308 M30LYdYOOL IJMbg BMbJ30ss. Bsm Bogezg A9BLEBLIOIOs MgaMglools
232169300 k-960 Gogol a® (£) Fomrdmgdmaols 393559053 398w9abs06Msw:
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n

n
1 t—t;\ t;—ti
a0 :F'ZW(M< . l>- ! Loy (ty) (2.3)
=1 "

gmggwo k =0,1,2, ... ,m-0300L. 5 5 939900 Bsgmgom, Hma &510)(15) = a,(t).

30d3om, @:R™2 5 R gmbdgos M6y39&09, 898mbsbmg®vmmos ©s aegos. gobzobowwmm
39900920 Lobols 06390 Bbd0mbsgro:

oo

I(a) = f o (ta®),a'®,...a™®)adt. (2.4)

— 00

23993L 896Bggs (t;, Y;),i = 1,2, ...,n. gb 608653L, M0I
Y =Y () = a(ty) + &(ty). (2.5)

1(a)-b 99535L900LmM30L 30496903 9.§. “"plug-in” 89g3sLgdsl. 56v9 gob30bosgm Gwybdzomboeb:

I(a,) = j 0 (t, a,(0), a.(b), ...,a,(l"‘)(t)) dt.

— 0o

{9®Bma9gbols mgm®9as

50 Bofloerdo dm3093560m "Fo®dmygbol” 0gmEmqdsl, LoosbsE 80300900 B39bmM30L LsobEHgMglim
99009390UL. B53M359450000000 30M:MdJd0 456Lsbo3geo LoEoYgdoLsM30L.

306md9d0 a-smgzols:

(al) a=a(t) 9obbsbzmos @s 9fyzg@Hos [0, 1]-Bg, ogo 09608369mdIdL 0wgdl [—k, K]
06@&96M3500005b;

(a2) a = a(t) gMbgsosb 993L MHyzgdo FoMMgdMEgdo m Mool Bsmgeom.

3060mdgdo &), = £(ty)-Longol:

(e1) &, k =1,2, ... 0530130009090 5 JODB0MO© obsfioegdmEo d90mbgzg3000 LOWOEIJdOY;
(e2) Eg, = 0, Def = 02 < o0, |g| < C, < 0.

B0ds>GHEH030LM30L J9dmz0mmm 5060836950 @ = P (X, X, ..., Xm) € C&(R™2) gv9bdgoolsmgols

90 _ | = ¢ _ L
a_xl. - ¢(i): i=01, e, M QS 2x:9x, = (p(u), L] = 0,1,..,m.

20



30HMdgd0 P-lsmgols:

(@) @:R™2 5 R g30969300 75939309, 3900bsDO30¢0s, 0b&gaM9d5005 s 3ssBb0s Igme Hogols

Bomngwom MHYy39d0 Homdmgdmemqdo, GMIGmomsE 0o, s9mbbgdow A s09do, G0Igebsg 9goizegl
x [—k, k]™*! Bod®sges; ¢-0b 30639¢0 ©s 89069 FoHdmgdmemado 05653G© 398mlsbug®rwos A
560980 €y > 0 87930300m. 58 30HMBYIOOL Mobsb>, ¢ FbJs00LsMZOL bgdoldogho i,j = 0,1, ..., m-

®30b 3353L:

sup{|<p(l-,j)|(s, S0,S1, er S): (S, 80,81, o) Sim) € A} < Cyp. (2.6)
3063900 W-bsmgol:
w1 [Z W(t)dt =1;

(W2) W(t) gmbdsosl gooBbos 30835JBHvMo Bo@ocgdgero [T, T] s ob Mfyz9do© Fomamgdsos
m=>1 6ogob Bsmgwom. 85306 fyzgdo WHO(L), i =0,1,..,m gubdzog00bomgols WO (1) =
WO (1) = 0; 503608600 Cyy > 0 393030, HMIWOLEZ0LSZ

supr|WO@®)| < Cy <o,  i=0,1,..,m;
3bo0s, 6gdoldog®o i = 0, 1, ..., m-m30L w® e L ([-1, 7).

3060md900 h,,-Lsmnzol:

Jmax(|loghyl;loglogn)
(hn) N - 0, Gogon - .
n

ap (£)-000 53060860 @), (t)-b F0gdoEH03wIHO WwmEObo:

a,(t) = B, (t) = E iw( ) P Ly () iw( ) _h:"l-a(ti).

i=1 i=1

365 M0,

n
1 t—t;\ ti—t;
k ~ —
ag)(t)=Ea£k)(t)=ﬁ' E W(k)( A l)' l A —-a(ty).
"= n n

398396mm, G 5GLYOMBL 5 LELOWEOS QoMb gdgdo: I(a), I(a,) ©s 1(ay,).

AJO®mMOlL  BMOINEOL Msbsbds bgdoldogto (s, Sy, S, .., Sm) €A §aOGHOwoLmzol ©o
Gows3 §; € A-030L 89330005 ©3(9OHM”

|§0|(5: S0, 515 - m) - Z (p(l)(s O O O)SL 2 Z (p(l])(s SOrslr . sm)s s] .
i,j=0
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d9L50580L5¢, Im0dgdbyds 3dogz0 € obgmo, MHmA

m m
915 50,51, -, Sm) < c(Zm +Z|si|2>.
i=0 i=0

099056 3503 0bsMgMdL, Mmd 69d0LdogMo FgIMbIBOZOMEo BMBso fo(t), f1(t), ..., fin(t)
3996J30900bog0ol L1 (R)-96 3396905

f 101(t, fo (O, Fu(D)s e fin (D)) dlE < 0. @7

Sbg, ®MA I(a) sGLYdMBUL.

306000900, MMIWIdo3 90mEgdwos W-mz0l g35deg3l dob JgadmlsHrzmIemdsl s
06)920905™d3L. (W2) 3060md0@sb ©s (2.6) ©s (2.7) BmeIMgd0sh 253mdobs®gmdls GmAI
MM039 358mbobwyengds 1(a,) ©s 1(ay,), Lab®MEros bgdoLdogmo n € N-m30L. GHgoem®ol gmemdweol
05b65b3s F9330d0s ©3H9OM™m

1(@n) — I(an) = Sp(hy) + Ry, (2.8)
boIE3,
m 1
Sultn) = ) [ 910 (6:0n(0, @0, ©) (a0 - aP(0)) e 2.9
i=00

9936036mm, GmI bgdoldog@o h, > 0-030L s, (h,) FoHIM©YIBL ©sFM30©Idgo Fgdmbggzomo
L0OYJd0L X5L. Ry, bsdmom {936l 30 593b 9dgy0 Loby:

Razsy i f o (Bn®) (200 - aP®) (a9 - aP©)) at. (2.10)
0

i,j=

[y

58 GOEAN@sBo by (£) SHOb (t, 8, (6, @, (0), ...,a;m)(t)) o (t, an(6), dy(0), ...,af;")(t)) BgoBomgdol
490596090900 H6OHx39.

(2.7) ©95 (2.10) gmO3IMgd0b 3bs0s, 8933000 R, 65dmomo 93600l dgg30Lgds:

IR, <€, jg (a;")(t) - aﬁf)(t))z dt. 2.11)

309350, Wiz Lmdemegzol bog®igs 3mbd309d0Ls, HMIgEmsg gd9BBosm 335EMSGM 9HmS©
063926090500, 91Y39@0 ©s 99mbsbE3OHWIo IgmMg ool Fomdmgdmwgdo. 53 LogMgdo bm®mds s
139O0 BIFMSZO sl QoBOLIDLIMYdS:
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m 1 m 1
ol = Y. [190@Fde, (g199m = | [ (6°@- 0L ®) e
0 0

i=0 =0
890030000 50608365 1, (M) = ||@, — a,llZ. 3bgsgm, B
|Rn| < Cyprn(m). (2.12)

3043007,

t—t t, —t;_
Uy = Ue(0) =w( 4.2 @) —a(e)l, k=12.m,
hn hn

boog alty) = EY (ty). 35306

i Uy = 2 w (t _ t") L ‘hi’“l Y (t) — alt)] =

d9L50530b5,

(2.13)

Bgooldogho k = 1,2, ...,n-030L6 d93s856mm (2.13) gm®mdmwol mommgnmo U, dgbszmgdo
II*|lr, B®3o0. 33996905

1
LA ; \ L t—tp\ t ® 2
[ — Lk k — Yk-
Wl = (Y [JuP@] ac ) =3[ B @)~ a]) | de
i=00 i=00 n
morl t—te\ tp—t 2 \?
i —lk k — k-
(D[ o (572) 2522 v - ate)| de | =
i=00 n n n
1 1
m 1 ; " 2 2 | |C m 1 2 2
i — g Ekllw
= (6= b)Y (6) — (e Zf e WO ()] e ) < Y [ [
=09 =00
m 1 1
l€r|C 1\ |G 1 — p2m+z \2Z 1 1
k1~w kl~w n .
= n ) ZhZHZ = n ) h721m+2(1_h721) SL'nhrrln+1 = Mm~0 nh:{”l (2'14’)
i=0
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1530560B5 OO L > 0-;m300.
1, (M)-0b 9gxoLgdoLM3Z0L 2odm309gbmo 353-s05MFOEOL YYEHME MBS

n
2.V
k=1

H(Ul' UZI ey Un) =

13bJgoobmz0L. Jogz009dm:

|H(Uy, Uy, e, Ui—1, Uy, g, o, Up) — H(Uy, Uy, oo, Ui—q, Uy, Uygq, oo, Up)|

n
= Z Uk + U Z Uk + Uy
k=1,k+i k=1k+i m
n n
< ( 2 Uk+Ux>—< Z Uk+Uy>
k=1,k+#i k=1,k+i m

< |Ux = Ul < NUellm + ||Uy ||, < 2Mp,

35050500539, (18) 250mbobwargdol dobgzom, ymggero cx = 2My,, k=1,..,n (19) 9GHMEMd0L ©s
(2.14) 9985L900L bsbds 30 BgdoLdogMo & > 0-m30L 339469ds:
n

P> e zu >sl<2 ) = zexp (-2
k = SO TS amz ) TSP\ T,

k=1 m k=1 m

262n2h2m+2 52nh2m+2
= 2exp <— —n> = 2exp (——n>

n-4L? 2172
59 Bogligom
5 = 2L\/logn
- \/ﬁh;ln+1
@5 80300900
= = 412logn - nh2™m+2 2
Z U —E Z U >0 < 2exp|— MTECRCTE = 2exp(—2logn) = s
k=1 k=1

m m

399030949bmm dmMge0-356E 9ol gds. dog3009000:

n
=E|| . b

=1

n

2. U

(2.15)
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096L960L MGHME™dOL Msbsbdo

2
1 ~(t—tT ty, — t)_
—.-W(‘)( ")- Kt 1y () — aGel| de =
hy hy,

2
dt <

1 L (t—tT t, —t
_W(l)< k). k k-1, Y(t.,) — t
o ) A (60 - o)

n

2 1 €32 = 1

W . _ 2 wo—

<2 o BV () = aPode < ) o <
0

i=0

. <K , 2.16
n  h2M™*2(1 - h2) nh2m+2 ( )

(2.12), (2.13), (2.15) 5 (2.16) Bm®IMwgd0sb G93303¢0s ©35L3306sm, ™I R, = 0 ( logn )

nh%m+2

3L, M BT 0605 98I0 MYMMTs.

ogmigds 2.1. 30d30m, LOMEgds (al) — (a3), (1) — (€3), (), W1) — (W2) s (h)
306Md900. 35906, LEFsODE0s60s (2.8) BHMEEMDY, Los bsdmom 30 sSEdsMMdOm 1 5J3l F90gy0

logn
R,=0 —nh,%m” .

600

o OYOMEOMDS

50 bsflocwdo 08m3094gbgdm mgmMgds 2.1-bL s ©I359B303g0m [(d,) BgBsLYdOL 33sEMO©
doIOIEIMBSL.

0906905 2.2. 3004350 LOHMEEYdS 1gG93s 2.1-0b 306HMdYBO0. EIIO0O0 (hy)n-1 308EIZOMDS
d96mBgmos olyg, HmI

logn
nh2m+2
n

- 0 Gem@Esn — . (2.18)
35906 sedsmmdom 1
1(ay) - I(a) (2.19)
©59()30(3905: MgMM9ds 1-0b s (2. 8) BMOIMol Msbsbds
(@) = I(ay) = Sp(hy) + Ry, (2.20)
Loog Ry = 0o(1) o
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Sa(ln) i f o0 (800,000, . a0 (L () - P ) .
0

i=0

(al) 306md0sb:
{(t, a, (), al (), ...,a;m)(t)) .t € [0, 1]} c [0,1] x [-k, k]™+L.
5808, (¢) 306@dOL Fomgzserolfjobgdom, 8modgdbgds obgmo €, > 0 dnwdogo, G™I
sup{|@ )| (¢, to, t, s tn): (6 o, B, wons 6) € [0,1] X [k, K]} < .

39330005 s3hgMmo:
ESy(hy,) =0

m 1
DSy () = ESF(hy) < G+ . f E[aP® - aP®)] at
0

i=0

1t — —ty_
Z—--W(‘) (t hntk)'tk htk = E[Y (t) — a(t)]

L
i=0 k=oh" n
n m 2
< C2Cx0%: ) (ty —tr_1)?" ! ~C-;—>O (2.21)
= Lyplpo k k-1 hit1 h2m+2 ’
k=0 u=0 > " Mhn

6)5@606 2m+2 - 0 @5 530¢™d Sy, (h,) = 0 GmEgon — .

Ea® () = f Ww)a®(t) (t —uh,)du+0 (n_lllk>

=T
5990056 990dgds o3o133b6500:

i) (2.17) go63@0©sb 353m3obsm) brwolzgh 36gdsos — k, 6gdoldogéo k = 0,1, ..., m-m30U;

ii) Gego n = 0 335J3L Eaglk) ) = a®(0).

3935%50mm 650743580 5 F030090m, HMAB OHMEs N — 0 43946905

1

1
I(a,) = f (p(t, a,(t), a,(t), ...,ag’”(t)) dt — f ¢ (ta(®),d ®),..,.a™®)dt = I(a).
0

0

sby, OmA 1(a,) — I1(a,) = o(1) b I1(a,) — I(a) = 0. ®gm®9ds 3GI0EIOIOs.
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G9BGH®XMEOH0 BM35M000 MgMmM9gds

B3960 Fo®mdmygboll mgmMgdol 45dmygbgdom dgodggds 30300M BL3sMO0mO obsfoergdol
300935 06¢)9aM M0 3w9b30mbsgrolimgols

1(a,) = fl @ (t, a, (), @, (0), ...,a;"%)) dt.
0

29630bocomm (2.8) Lbgomds, Losg bydoldogho h, > 0-030L, s,(h,) fo®dmoaqbl (2.9)
5330009090 99dnb3930m0 LOWOWYJdOL X odb. R, Bsdmom 936G 30 593L (2.10) Loby:

3b500s, ™I
ES,(h,) =0@5ER, = 0 HmEsn — oo, (2.23)
2965 5dols
m /1 z
E(Su(h)) =02y, f 00 (£:0n(0), 040, ..., al” @) de (2.24)
i=0 \0

s VarR,, - 0 Gmgon — .

58 306™BYBJ0 3599306, O™ Vi (1(a,) — I(ay,)) Loowy sLoA3BHMEMHE BOGIsENHOs
Q5 353MZ3M350 M0 BPZIMOMO 35M05309. (2.8), (2.23) ©s (2.24) ZmEOIMgdol Lodw)oeqdoo »bos
358396mm VnS, (h,) LoOEOL SBOAZGHMENE BOOTEMOHMVS.

530Lm30L 153856M0Ls gl 1301935 F30LHogemo 9990 LoOEOLMmZOL:

m 1

1 L [t—t t, — tp_

d, = Y(tk)-Z—i-fW(l)( ")- LIS O (t,an(t),a;l(t), ...,a,([")(t)) dt  (2.25)
i=0 hn 0 hn hn

500300 dgLsdRb93005, Br2d

m 1
1 L (t—tT t, — tg_
Ed,, :a(tk)-z—i'fW(‘)< - ")- k - 1o (t, a, (), a,(b), ...,a;’")(t)) dt  (2.26)
i=0 hn 0 n n

5699 30boErsgm MM 3009dgo Fgdmbzg30m0 LoEOYYdoL J0IIIOMMBSL:
fal) = a(n k) (Y (t) — a(ty) = a(n ke

Lo
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m 1
1 St —te\ e —ti_q ,
a(n, k) = Zh_ﬁl f w® ( hn ) . i P (t, a,(t),a,(t), ...,aflm)(t)> dt
i=0 0

3ob30bowmm xsdo

n

Sahn) = ) Kz
k=1
3009350, Fi , 560b a(n, k)&, 8900063930000 LOWOEJJIOL SEBMNMO JobsFogdol Bbdsos, F; — 30
£ 89000b393000 LOOYFIOL 5BNYOO QB[O gdOL b 309.

@0bgMdgHR0L 30OHMBL 593L 899ga0 Lobg V& > 0, limy, L, (6) = 0 Losg

" %% (Ix] 2 60(Epy ¥ (n,k)) V2) dFje ()

2\yn

Ln(5) = k=1a2(n’ )

o

Lo J(A) Fo08mop bl A LodMogEol 060 35G MM BMBJE0sL. 5300 EILIBIHOS, B™I
1
1n(8) < —5maxicsen [ ¥2J(1x] = Sov(n,)dR,

Logo3

la(n, )|

" g2in )72
(Zj:la (n,]))

v(n,j) =

LoB396gd9g0 MBS, HMI Max,<j<, (1, j) = 0 OHMEs N = 00. oM M50

1
maxy<jspla(n, j)| = 0 <W>,
n
569
] 1
maxlstnv(n,]) =0 (ﬁ)

319, G WobYMHIYOHROL 30MMBS OGBS S 89230005 BTMZOYSTOdMD

09995 2.3: 300J35m, O YOS MJMMYIs 1-0L 3oOHMdYdO. 35806, ) hy, — 0 s VnhZmtz -
00 HEES N - 0, b¥dsGHmwosbos Vn(1(@,) — 1(ay)) =4 N(0,72). bsoss

2

=0

m /1
r? = g2 Z f D) (t, a, (), @y (1), ...,aSZ")(t))dt
0
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Dma09M0 359mygbgds

39630bomm 0b39ga®mowmEmo gmbdombswo
1

L(a) = f a?(t) dt

0

50 898mbg9g3580 @(t, X, X1, ) Xm) = X&, GmE> X € [—b,b] D [k k], b > 0. 85806 omh, >0 o
VRhZm+2 5 00 Geygs n — o, 85906

Vn(1(@y) — I(an)) =a N(0,72),

1 2
r? = 40?2 (f a(t)dt) :

0

bogs3

39630bowmm 80dgeol 0bxgm®mIs30veo 0bEgamowro.

(@ ®)

PO dt.

I(a) =
0

x2
50 5376430mbseroliogol a35d3b @ (t, xg, X1, ..., X)) = é, te[01] =>a(t) €e[abl,b>a>0@sb=h.
o) hy, = 0 s Vnh2™ 2 - 0 GmEs n - 0, 3306

Vn(1(a,) — I(a,)) =4 N(0,72),

1 2 2
2. _f ((a’(t)) ~ Za’(t)) ”
» \(a®)” 4O

2
e _d'(0) 1 (@) 1 (@)
=0 <a(1) loga(1) 2(0) loga(0) > (a(l))z + > (a(O))Z .

Logs3
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Sbns gobgobomo
Is(a) = f (a(®))’dt

316930mbswo (s > 1). 85806 @(t,xg, X1, -, Xm) = X3, G™Ed x1 € [=b,b] D [~k k], b > 0. ®2) h, > 0
©5 Vh2™*2 - 0 GmEs> n - 0, 95306

Vn(1(@,) — 1(a,)) =4 N(0,72),

Loo3
2
r? = 52¢g?2 (fol as'l(t)dt) )

MMl 25630bowmo F9bmbols 9bGHG™300L g3mbjgombsocro

o

I,(a) = fa(t)loga(t)dt

95906, MIgeomsg 1o3d9M0Ls© 0O b = k > 0-;30L 1) 0 < x5 < b 33593L
@(t, xg, X1, ) Xm) = ©(xg) = xplogxy.

2963L5BO3OMM @ BMbJ30s 0-0g, @(x) =0 GmEs —b < x < 0. 35306 t € [0,1] => a(t) € [a,b], b >
a>0sb=b. o h, > 0@ Vnhi™?% - 0 Gmgs n — ©, 33996905

Vn(1(@y) — I(an)) ~a N(0,72),

bogs3

1

r? = g? ja(t)(l + loga(t))dt
0

30



3963993000 mysGomMdols M30lYds

399m3099bmm  3medbol (ob. [31]) gga0 29639mMgd0m0  @MAMOmdol  Fglobgd s
Bodm3zo4oe0dmo 99890

09995 2.4. 0¢) hy, 308093OMds gOBgME0s 0y, Bma
’l l
R, =0 oglogn '
n

lim sup i \/E(I(an) - I(an)) -7

n-oo v/ 2loglogn

©59()30(39095. TSNS, 90300 EILEBIBOS, Brend

35dob

imsup 4 YR0@) —1G@) o YY) —at Kat)

noo 0 [2loglogn n—w \2loglogn
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§3. 39LgM-00eg®mol dg35L9d900 S BMbJomboergdols

SL033GHM GO0 30593900
B9dmo Imygzsboo
[ee] [ee) , 2
I,(a) = j a2(dt, l(a) = (aaig) dt,

— 0o — 00

[o0]

I;(a) = j (a®))’dt, IL(a)= f a(t)loga(t)dt.

B3B6J30mbsegd0 LsobEHgMgbms golig®-dovgerg®ol T9z3oU9d900LMZ0Ls.
300d35m, a(t) 6ol gaMabool gmbjgos gobgM-domwgmol bdgdsdo. 53 gdmbggzoliogolsg
33543L 36mdogo MHgacmaliool Impgero:
Y(t) = a(t) + €(t), 3.1

Loosg t € [0,1], €(+) 9oL 8938mmgds bmwwmgsbo Lsdmswmmo s LabGWo EoL3gMloom, Ee(t) =
0, E€2(t) = 0% < 0, Y(t) 898mbgg30m0 537693009, a(t) 3o - 9bmdo Hga®glool gmbdsos, Gmdgwog
560b Y (1)-b 8500935303900 mobo. ©s3d350m, 335436 n HadGHowo:

OStlﬁtzﬁ“'StnSL
Lo@oE, MmommgMwo ty, k=1,2,3,..,n ©500m30090Mwos n-bg. 59 §9gHGHowqddo goy358600
53306390900
Y(t), Y(t2), ... ,Y(tn).

936md0 Mga@Mglool a(t) gmbjsool 30093 ghmo gxolgds Fgdmmadage 0dbs aslgMols o
09Ol doge (ob. [12-13]) s 29bLsbLzmwos 9900gabsocs:

Si

a, (D) =hi§n: fw(t;”) du-Y(t), 3.2)
ey .

i-1

. 1
ooy, 0=s59<s;<<sp=1,t;<s5;<t;44, 1=0123,..,n—1 ©> maxyls;—s;_1|=0 (;);

{hp, n=1.2,..} 0mbm@Hmby®o, 0-b396 3H9IdO, IIBOMO MOEb3gdoL J0dY3™MdLs, W (L) 3o -
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5Ed500)M0 1033300308 M30Lgd9d0L dJmbg GmbJgoss. o Foge  oblsBL3zOMEos MYAMLOOL
32169300 k-960 Gogol a® (t) Gomrdmgdmyaols 39a3sL9ds3 398w9abs0Msw:

~(k
a0 (t) =

(3.3)

h k+1
i= 1 Si—1

gmggwo k =0,1,2, ... ,m-0300L. 5 5 939900 Bsgmgeom, Hma &510)(15) = a,(t).

530000 @: R™*2 5 R 5369309, OMIgerog 096905 MFY393)0, d90mbOBEOIOWO S JEMZ0 S
39630boEmm 9890 Lobol 0bEgaMow Mo BwWbJgombswo:

[oe]

I(a) = f 0 (6,0, @), ., a™(®) dt. (3.4)

23993L 896BRggzs (t;, Y;),i = 1,2, ...,n. gb 608653L, M™I
Y =Y(&) = a(ty) + e(t). (3.5)

1(a)-b 39g35L900bm30L 3049690 9.§. "Aobdol” F9g30Lgdsl, 964 3obowszm gwbdzombawl:

I@,) = f o (60,840, ..., aT" @) .

— 00

59 d;k) (t) 396L5BL3OWE0s (3. 3) BMOIMEOEH.

{om3mgagbol mgm™gas

50 Boffoew8o  dm309435b6m  HoMdmygboli”  0gmMgdsl,  Lsosbsg  doz300900  B3zgbmzol
L50bGHYMILM FgYagoL. BsIM3594se0dM® 30MMDIO0 256Lsbow3ggmo LoEOEYJdOLIMZOU.

3060mdgd0 a-smgols:

(al) a=a(t) @sbLLBEIOWos @ “fiyzgBos [0, 1]-Bg, ogo 8608369 mdYBL 0w9gdL [k, k]
06@&96M35¢0005b;

(a2) a = a(t) g«1b9dEosL 993L MFY3930 FoMMgdMEgdo M Mool BsmzEom.

3060mdgdo &), = £(ty)-Longol:

(e1) &, k =1,2, ... 0530130009090 5 JODB0MO© obsfioegdmEo d90mbgzg3000 LOWOEIJdOY;

(e2) Eg, = 0, Def = 02 < o0, |g| < C, < 0.
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899m30000 5060836980 @ = P (X, Xg, ..., X)) € CZ(R™+2) 3969 500L5m300

2
a—qo_gﬂ(i), i=0,1,...,mogo 079

6xi -

6xl-6xj

30603900 @-bsmzol:

(@) g:R™2 5 R gubds0s MFy39¢09, 898mbsbng®vemos, 0bGga®gds@os @ 3ol gooBbos dgmy
0ol Romgwom MfYy39d0 FoMdmgdmwgdo, OHMIGEoMs3 ©0s, sdmBbgdow A sGgdo, GMIGELsS
8903936 R x [—k k]™*!  Loddsgemg; -0l 306390 ©d 99meg  Gomdmgdmmmgdo  09653GS©
999mbsBEgONos A 56980 €y > 0 30dog0m. 58 306HMBJOOL Mobsbds, @ BBJzooLsmMzoL

BgdobdogMo i,j = 0,1, ..., m-m30b 335J3L:

= @iy LJ=01,..,m

sup{|(p(l-'j)|(s, S0, S1s »Sm): (5,50,S1, »Sm) € A} < Cy.

3060md9d0 W-lsomgol:

w1 [Z W(t)dt =1;

(W2) W (t) 32969300 9693930@ Fo®dmgdoos m = 1 Gogol Bsogwom; mfiyzgd WO(t), i =0,1,...,m
2996430908 9g3m  3MI3SBHMEOO  FoBHeMgdgero [T, T]. Tgbsdsdolsc,

dm0dgdbgds Cyy > 0 999003030, MMIobmzolss
supeer|W O (8)] < Cy < o0, i =
3b5©0s, 59doldogeo i = 0,1, ..., m-mgols WD € Ly ([-7, 7).

306md9d0 h,,-Lsmzol:

Jmax(|loghyl;loglogn)

(h) - 0, Gogon - o,
\/ﬁh%5+m G
a, (£)-000 5306036m» &), (t)-b Fo079d5EH03wIHO WwmEOobo:
n Si
1 t—u
a,(t) = Ea,(t) = E —-Z f W( )du-Y(ti) _
hy 4 hn
t=1s; 4
36505,

Si

k ~(k
ay’ () = Ea;” (0) =

n i—
=1 Si—1

1 n
h "’-+1'z J.W(k)( h

0,1,..

, M.

n Si
1 z f W(t —-u
h, < hy,
1=1s; 4
t—u
)du ~a(t;).

n

398396mm, G 5GLYIMBL S Lol Yodmbobryegdgdo: I(a), I(a,) s I(a,).

WO (=) =w® () = 0;

)du ~a(t;).



AJoMMOL GmMIMEol Mobsbdsw 69d0Ldogemo (s, Sq, S1, -+, Sm) € 4 PIOGHO0OLMZOL s MOMS3
5; € A-030b 09230d05 ©o3(gM™m

|(p|(S: 50,51, 'Sm) =

m m

1 - .
z ®i)(s,0,0,...,0)s; + > Z ®(i,j) (S, 50,51, o r Sm)SiSj |-
=0

ij=0

d9L50580L5¢, Im0dgdbyds 3dogz0 € obgmo, MHmA

m m
915 50,51, -, Sm) < c(Zm +Z|si|2>.
i=0 i=0

59996 209mI0bsMgMdlL, ™I B9d0oLIogMHo Fgambsbrgzmywo, bmdso fo(t), f1(t), ..., fn(t)
3296J30900boz0ol Lq (R)-96 3396905

f 101(t, fo (O, Fu(D)s e fin (D))t < 0. 3.7)

Sbg, ®MA I(a) sGOLYdMBUL.

30000900, OMIWgdo3 90mEgdwos W-m3z0l §35deg3l dob JgamlsHrzmIemdsl s
06)9209050™d3L. (W2) 3060md0©sb ©s (3.6) s (3.7) 3m63Mwgd0sh 299mdobsgmdl mMogg
250mbobmangds I(ay) s I1(d,), LabEweos bydoldogho n € N-mgob.

G900l GMEOIMEOol sbsbdo
1(@y) — 1(an) = Sp(hy) + Ry, (3.8)
bo@E,
m 1
$ut) = Y [ 010 (6:00(0, 80, ©) (400 - 0P 0)) e (3.9)
i=00

9936036mm, MM 658030900 hy > 0-030U, s, (hy,) oMoyl ©sdm30gdgwo dgdmbgggomo
LOO0@JYdOL X5aL. Ry, bsdmom {936l 30 593b 900 Loby:

Ra=sy i f 0w (n®) (a2 © - aP®) (¥ © - o © ) dt. (3.10)
0

i,j=

[

58 §EGAN@sd0 by (t) 0L (t, a, (1), &, (D), ...,aﬁ{")(t)) ©> (t, an (0, ah (D), ...,a;’")(t)) BaOB0@adol
990596009090 H6OHxa9.

(3.7) 5 (3.10) 3m&3ME9d0sb 3bs0s, 8923030 R;, Bsdmomo {9360l 99535l90s:
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IR.| < C, jiﬂ (a,(f)(t) - aﬁf)(t))z dt. (3.11)

309350, W2 Lmdmagzol bog®Egs §v96d3ogdols, HMIwgdog 0056 335MGHMB JOHMS©
063926090500, MHY39G0 o 255660500 FgamLsBOzMMEo dgmeg Goyol FoMdmgdmwo. 53 bLogMEgdo
B35 o LSOO B5FMSZO F9BOLEDWIMYdS T YbIOMS:

m 1 m 1
ol = Y. [190@Fde, (g1g9m= | [ (6°®- oL ®) e

i=0 =0
8990300m0 50603365 1, (M) = ||@, — ayll%.- 3bgsgm, HmI
|Ry| < Cypm(m). (3.12)

300g300,

Uy = Uy (£) = hi f w (t - “) du-[Y(t) —at)]  k=12..n,

n

boog alty) = EY (ty), 35306

i Uy = z hi [w(* ) Y () - a6 =

Si-1
n Si n Si
—Zl fw(t_”)d Y(ty) 21 W(t_u)d (te) = &, (t) — a, ()
= £ hn hn u k 4 hn hn u-a k) = an an .
= Si—1 - Si-1
d9L50530b5,
n 2
r,(m) = Z Uy (3.13)
k=1

m

Bgooldogho k = 1,2, ...,n-030L d935x358mm (3.13) RmOINwol mommgrwo U, dglbszdgdol
[I-llm 60685. 33096905

m 1 % m 1 Sk 2 2
OPNE 1 o (LU
Wil = Y 0@ ae | = > | =g | wo () du- Y0 - ateo)| e
i=00 i=0 0 n Ske1 n
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t—=Sk—1 2
m 1 hn
1 o t—u t—u )
ZWI h, - f w ( )d( ) Y () — alt)]dt
i=0 hn 0 t—sg fn fn
hn
1
- Sk 1 2 2

= ¥ (t) - a(ty)| th f wo ( hu)d(t};u> t

N =

o 1
< 2l |Cu - Zh .

i=0 M

1
2le|Cor - | | lex | Cw 1- h%m+2 z
= & 1S, — S, = .
k1~wW k k-1 . n h721m+2(1 _ hrzl)

NgE
33‘ =
N
-

N

1539560bs© OO L > 0-;m300.

1, (M)-0b Fgg83oL9doLM3Z0L Fodm304gbmo 353-s05MFOEOL “YEHME MBS
n

D

k=1

H(Ul, U2, vy UTL) =

1mbjgoobmzol.

|[H(Uy, Uy, e, Ui—1, Uy, Uigg, o, Up) — H(Uy, Uy, oo, Ui—q, Uy, Uygq, .., Up)|

Z Uy + U, Z Up + U,

k=1,k=+i k=1,k+#i

n
(z Uk+ux)_( 3 UM)
k=1,k#i k=1,k=+i

< U = Uyl < MUl + |0y ]| < 2Myy

3505050539, (18) 30MHMdYddo ymggwo ¢, = 2M,,, k=1, ...,
0565b3sc, 6gd0ldogmo & > 0-m3z0L 23976909

N| =

(3.14)

n (19) 1Ememdol s (3.14) d9gsugdol
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P -F >4

m

n n
2,0l —E||D, Ui
k=1 m k=1

<> ( 262 ) ) < 26° >
<2exp| —=— | = 2exp| —
n_ 4M2, n-4Mz

252n2h2m+2 627’lh2m+2
= 2exp (——n> = 2exp (——n>

n- 412 212
59 Bogligom
5 = 2L\/logn
- \/ﬁh;ln+1
5 3030090M
n n
P Z Uldl —-E Z Ul |>6
k=1 m k=1 m
412logn - nh2m+2 2
< 2exp (— PN TR T = 2exp(—2logn) = =

399030996 dmMHge0-356GH 9ol egds. 80300900

n
2.V
k=1

n

2. U
m

k=1

=F

m

+0( Jlogn > (3.15)

\/ﬁh;lrwl

096960l MEHMEMdOL Msbsbdoo

2

2
<E

=1,
=E§n:§: Of ﬁ f w® (t;nu)du-[Y(tk)—a(tk)] dt

Sk-1
n m 1 Sk 2
1 @ t—u
:ZZ-[E F fW (h )du[Y(tk)_a(tk)] dt
k=11i=00 n Skt n
n m 1 1 Sk 2
<265y Y || [ du| Bl - ateorar
k=1i=0gQ " Skt
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5 _ h2m+2
= ZCWO' h2m+2(1 hrzl) Z(Sk — Sk— 1) = W, (316)

(3.12), (3.13), (3.15) 5 (3.16) BmOIMgd0sb F93303¢0s ©3513365m, M0
logn
Rn =0 (nh%m+2>.

5L, M LMW 0s60s 98I0 MYMMTs.

o0gmegds 3.1. 309350 LOMWwEgds (al) — (a3), (1) — (€3), (), W1) — (W2) s (h)
306000900. 35906, LsTsMHNE0560s (3.8) BHMEMBS, LosE bsdMom {g3™L sEdIMMBdOm 1 53l 9090

logn
RnZO W .

(OlopNo)

d5egOMEIMdS

50 bsfloendo o8m3094gbgdm mgmMgds 3.1-bL s O359B303g0m [(d,) gBsLYdOL 33sEMO®
doIONIEIMBSL.

0906905 3.2. 30094350, LOW YOS MGMOHGTs 3.1-0L 306MBYOO. EJIO0MO (hy)n=; 303EIZOMDS
d9MBgmE0s 0y, GMJ

logn

pzmiz 0, Gmgsn — oo (3.18)
n n

35906, 5¢ds00Mdoom 1
1(a,) - I(a). (3.19)
©59()30(3909: MgMM9ds 1-0b o (2. 8) BMOIMol Msbsbds
[(@y) = I(an) = Sp(hn) + Rn, (3.20)
Losg Ry = 0(1) o
m 1
5. = Y [ 010 (600,040, .. a7 ©) (a0 © - aP(©) e
i=00
(al) 306H™d0Esb:
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{(t, a,, (D), (D), ...,a,({")(t)) £ €[0,1]) < [0,1] x [~ K]+,
5808, (¢2) 306™d0L gomgzseolfiobydom, 8modgdbgds obgmo €y, > 0 dmdogo, GmI
sup{|o | (& to, ta, s tm): (E bo, b, s 6) € [0,1] X [k, K™} < €.

399300005 ©I3(gOHMom:

ESp(hy) =0

m 1
DS, (hy) = ESZ(hy) < C2 z f ElaP () - aff)(t)]z dt
0

i=0

2

m 1| n
1 L (t—u
<cz Zf Y f WO (“2) du- ElY () - ate]| de
. h;, hy
i=00 |k=0 Sk—1
n m 2
2,2 2 2 1 1
< C<pCWO' 'Z(Sk_sk—l) Z W NCW_)O (321)
k=0 i=1 v " n
5056 n}lloz‘?niz - 0 @5 930¢™d Sy, (hy) = 0 OHmEs n — oo.

n

Ea® () = f W@w)a®(t) (t —uh,)du+0 (n_lllk>

5990056 990degds o3oL33b6500:

i) (3.17) 3m6H3M0Esb godm3obstg brarolizgh 301905005 n—:lk, Bgdobdogéo k = 0,1, ..., m-om30U;

ii) ®mEs n - o0 33543l Ea,(lk) ) —» a®(t).

3935%50mm 650743580 5 J030090m, HMA n — 0-m30L

1 1

I(a,) = j ® (t, a, (), al(t), ...,a;"”(t)) dt > | ¢ (ta(®),d®),...a™ @) dt = I(a).

0 0

sby, Oma 1(a,) — 1(a,) = o(1) b 1(a,) — I(a) = 0. ®gm®9ds ©3GI0EIOIWOs.
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G9BGH®XMEOH0 BM35M000 MgMmM9gds

B3960 Fo®mdmygboll mgmMgdol 45dmygbgdom dgodggds 30300M BL3sMO0mO obsfoergdol
300935 06¢)9aM M0 3w9b30mbsgrolimgols

1(a,) = fl @ (t, a, (), @, (0), ...,a;"%)) dt
0

2obgoboeomm  (3.8) ULbgomds ULoog bgdobdogMo  hy, > 0-o30L,  s,(h,)  FoGOMo@ygbL
5930009090 J0mb3z93000 LoOYJdOL XL (3.9). R, Bsdmoo 930L 30 593 99dgao (3.10)
Lobg:

3b50s, OH™I
ES,(hy,) = 0 @5 ER,, = 0 Gmgsn — oo. (3.23)
3965 5dobo
m /1 2
B(sath)” =02 )| [ 0o (600,010 . a0 ) e (3.24)
i=0 \0

s VarR,, - 0 OHmgon — oo,

58 306MdYBdObm3ol Mbs ©s358B30gmm Vr(I(a,) — 1(a,)) boowol sLo3GMEGHMGSD
BOTomOMdS S B odM3mZIWM® HBOZIMOMO 56M05305. 9xMm™39, (3.8), (3.23) s (3.24)
BOGHIM@9d0L Lsdrowgdom Mbos 39B396mm VnS, (h,) LooEOL s03GHMEHIME BROISMOMS.
530Lm30L Lo 3d56M0Los gl MZ30L9ds Fg30LHogermo 9990 LoOEOLMZOL:

1 Sk
e m o™
d = Y(t) Z s (p(l) (t a, (D), ay(©), . (t)) dtdu  (3.25)
i=0 ™" 0 Skg—1

500300 d9L5dRbg3009, X

m 1
Edk = a(tk Z G f
=0 n 0

5699 30boEsgm MM 3009dgo F9dmnbzg30m0 LoOYYdOL J0IIIOMMBSL:

Sk

qo(l) (t a, (D), (), - (m)(t)>dtdu (3.26)

Sk-1

fa(k) = a(n, k)(Y (&) — a(ty)) = a(n ke

bos3
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) o0 (t, @, (6), ds(0), o, a,([")(t)) dtdu

m 1
cx(nkzz:07qu bff

Sk-1
29630boemm x50 Sy, (hy,) = Xioq a(n, k).

300d350, Fyn 9O0b a(n, k)e, 9990mbgg30000 LoEOEYGOOL 5EdMNMMO Fobsfogdol B3bdsos,
F; — 30 & 89000b3930000 LOEOYJOIOL 5¢EBNIMO ABFoEGdOL BB 305. WObEIMDdYOHYOL 30MMBSL
5930 89990 Lobg: V& > 0, limy, L, (6) = 0 Losg,

my f 22 (1] = 80(Tiey a?(n, k) /z)dFkn(x)
o2y p_ a?(nk)

L,(6) =
53 J (A) §o63moa9gbL A LodMsz3e0l 0bEOIOEHMO GwbdE0sL. 50300 Lsbsbos, HmA
1
L,(6) <= max1<]<n f x2](|x| > 6017(n,j))dF‘g

bogs3
la(n, I
(Zn,a2(n, ) 2

U(n,j) -
LoBg96gdg0 MBS, HMI Max,<j<p, (1, J) = 0 OHmEs n = 00. Jop M50, HoEsbo3

1
maxy<jspla(n, j)| = 0 <W>,
n
569
] 1
maxlSanv(n,]) =0 (ﬁ)

319, O™ obEIMHBYMROL 30OHMBS LEOVIMYdS s FJ300¢05 BsTMZ594sEP0dMO)
09gmM9ds 3.3: 3mgzom, LOEWWEIds MgMG9ds 3.1-0L 30OHMdYdo. 85306, v h, - 0
VIhE™2 - o0 Grgs 1 - 0, LsBsGowosbos Vn(1(@,) — 1(ay)) =4 N(0,72). bsosg

1 2

2 42, i f o0 (t,an(t),a;(t),...,a;’”)(t))dt

i=0 0
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Dma09M0 359mygbgds

39630bomm 0b39ga®mowmEmo gmbdombswo
1

I(a) = faz(t) dt.

0

58 9900bgggo80 @(t, X, X1, ..., Xpm) = X§, GmEd> X € [=b,b] D [~k k], b > 0. 85806, o) h, - 0 @
VnhZm+2 - o MmEd 1 — 0, 33996905

\/E(I(an) - I(an)) -4 N(O, r2)

1 2
r? = 402 (f a(t)dt) .

0

3690500Mds, Bos3

b g9630bowmm godgmol 0b@HgyMmew®mo gbdiEombso

L(a) = f( ((?))

2
396J30mB5@obmzol 335936 P (t, Xg, X1, o.v) X)) = . oy t € [0,1]85806 a(t) € [a,b],b>a >0 >

X2

b=b. o h, >0 ©@ Vnhi™? - 0 Gmgs n - o, 85806 3394690 Vn(I(@,) —I(a,)) -4 N(0,72)

3690500Mds, Bos3
1 2 2
f <(a’(t)) 2a’(t)>
- > = dt
2\ (a(®) a(t)

2
a'(1) _d'(0) 1 (@)’ 1 (@)
( ) loga(1) 2(0) loga(0) > (a(l))2 +2 (a(O))2 :
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by gobgobomo
Is(a) = f (a(®))’dt

396930mbswo (s > 1). 85806, p(t, Xg, X1, -, Xm) = X3, OMEd x1 € [=b,b] D [~k k], b > 0. %9 h, > 0
©5 VNh2™2 - 0 HmEs n — 0 35306, 33996905

Va(1(@n) = 1(an)) —a N(0,72)
3690500Mds, Bos3

1
r? = s%g? fas_l(t)dt
0

B, 25630bowwmo Ggbmbols 0b@ga®ow®mo 9bGMm™30s:

o]

I,(a) = fa(t)loga(t)dt.

— 0o

95806, HMIgeromss b53dsMOLOE OO b = k > 0-m30L, 0¥y 0 < xo < b 235J3L @ (t, X0, X1, o) X)) =
@ (x9) = x9logxy. ©3353JO0M 2ob3LEBOZOM™M @ Fbdz0s 0-00g, @(x) = 0 Gmazs —b < x < 0. 85306
tef01]=>a)€elab,b>a>0 © b=b. o9 h, >0 © Vnhi™? >0 Gmngs n- o, 53
d9dobgggzsdo

Vn(1(a,) — I(a,)) =4 N(0,72),

Logs3
1

r? =g? ja(t)(l + loga(t))dt
0
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3963993000 mysGomMdols M30lYds

3990m30949bmm  37dLol 36mdowro  A56TgMEOGBOMO  mysMomIol dggao (ob. [30]) o
Bodm3zo4oe0dmo 99890

09995 3.4. 0¢) hy, 3080g3OMds gOBgME0s oy, Bma
’l l
R, =0 oglogn '
n

lim sup i \/E(I(an) - I(an)) -7

n-oo v/ 2loglogn

©59(H30(3905. F5OOWE, 5300 EOLIBIbOS, Brd

35dob

imsup 4 YR0@) —1G@) o YY) —at Kat)

noo 0 [2loglogn n—w \2loglogn
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§4. 535M505-35GLMbOL Jgx35Lgd9d0 s BMbdoMmbogrgdols
SL033GHM GO0 30593900

300930m, a(t) seob MgaMaLool bJE0s. 5 3odmgz094nbgdm bs@IMs0s-35EHLMBOL Tgzsligdsl 0d

3060 350056300, OHMEs  M9aMgbm®ms©  ©9YEIMI0boLEGMmo  FgdEG0Wgd0s  sMgdwo.  3gHIMm
39000b3939090 39630b0Es30 99099 BwI6J30MbIEIgdL:

[oe]

L@ = j 2@dt, L(a) =

— 0o — 00

[ (¢©®)"
a(t)

dt,

[o0]

I;(a) = j (a®))’dt, IL(a)= f a(t)loga(t)dt.

— 00

9L BmbJgombocrgdo o3y Tgbfogerol Logsbos Lbgoslbgs  33eg3930bomzgol. Bz9b o
3990m30949690m  FomM30L  9JMM0sE  JoEYMIsl, OMIGE0E  odYsMGOME0s  9.0.  HoMImagbols

09m©935%g.
39630bomm 9890 GHo3ol MHgaMaliools Imwgwo:
Y(t) = a(t) + &(t), 4.1)

Logsg t € [0,1], €(*) 56G0bL 8935300905 byenmgzsbo Lydrsemmo s babMmewo EobdgMlboom, Ee(t) =
0, E€2(t) = 02 < 0, Y (t) 89000b3930000 3963055, a(t) 3o - ¢bmdo Hgadabool gwxbdsos.

©53799350%, 33>33b 1 faOHoo:
0<t; <t < <t; <1, bosg oMo ty, k=1,2,..,n ©509m30090™0s n-bY,
max;|t; —t;i_1| =0 (%) 50 §90GH09d30 39358600 533060390900 Y (t1), Y (t2), ... , Y (t,).

"3bmdo MgaMabool a(t) BMbjszool ghm-9gMmo Jgxeligds 39dmmgdwye 0dbs 65sMS0LS ©s
35¢¢LMbOL Joge (ob. [9-10]) s 29BLsbBL3GWWos F90gabsoMs:

n t—¢

booE, thy, 1= 1,2,...} 8cbm@mbmoq, 0-1396 3090500, IIBOMO BHOEb3YdOL J0BIZOMBS, W (t)
30 - 5¢d509MH0 10330030l M30L9dYdOL IJmby G3mbJioss.
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LOdsMEH030LbmM30L G9dmz0MMmm SEbodgzbs:
t—t;
v ()
t—t
b (74)

BooM505-35@LMBOL Fgg30l9ds os0figMgds 39dgabsoMaco:

= a(t, t;, hy).

n

an(©) = ) @t tihe) - Y ().
i=1
LoBoODE05b0S

n

Z a(tﬂ til hn) = 1;

i=1

n

Z a®(t, t;,h,) =0

i=1

BHMmdIdo (5 ©s 999980 y39wash a®(t,t;, h,)-80 opryolbdgds k ool Go®dmgdamo t
(3300l 0dsMm). sLgmo 5060dz600 Mmool B30l k-m6mo Gogol al®(t) Fsmdmgdwgmols
998351905 390gabs0Ms Bs0fgmgds

n

al(t) = h—lk : Z a®(t, t;, hy) - Y () (4.3)

o=
ymggo k =0,1,2, ... ,m-m30.

30gd3om, @:R™2 5 R gb6d305 MFy39¢09, 999mbsDO3OM@0s @ emgz0s. gsbgobowmo
39900920 Lobols 06¢)gaMow MmO BMbd0mbogro:

o]

I(a) = f o (ta(®),d'®),...a™®)adt. (4.4)

23993L d96BRggzs (t;, Y;),i = 1,2, ...,n. gb 603653L, O™I
Y =Y(t) = a(ty) + &(ty). (4.5)

1(a)-b 39835b9gd0Lm3z0L 3099b9dm 9.§. "plug-in” 9g35Lgdsl. 56v9 gobgzobosgm gwbdzombowb:

1(a,) = f 9 (t, 4, (6), & (b), ...,a;m)(t)) dt.

— 00
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Po®3magbols mgmMgds

50 bsfoedo 9m3z0y3z5b6m  "Ho®mBmygbol”  mgmMgdsl, Looobsg doz30090m  B3z9bm3z0l
L50bGHYMILM F99ag0L. PsIM3594oe0dM™ 30MMDIO0 256Lsbow3ggwo LoWOEYJOOLIMZOU.

3063900 a-Lsmzol:

(al) a=a(t) asbLEBEIOWos @ “fiyzgBos [0, 1]-Bg, ogo 8608369mdYBL 0w9gdL [k, k]
06@&96M35¢0005b;

(a2) a = a(t) g«96943osL 593L MHY39E0 FoMMgdMEgdo M Mool BsMzEom.

30MHMdYV0 &), = £(ty)-Lomgob:

(e1) &, k =1,2, ... 0530130009090 5 JOHMNB0MOE 23bsfoegdmEo d90mbgg300m0 LoEWOWYIdOY;
(€2) Eg, = 0, Def = 02 < o0, |g| < C, < 0.

B03s63030Lm30L J70mz300mm 5060336900 ¢ = @ (X, X, ..., Xm) € CE(R™2) grmbdgoolbsomgols

99 _ | — e _ o
a_m_¢(i)’ i=01..,m Q5 W—(p(i}'), i,j=0,1,..,m

30600md9d0 P-Lomgol:

(@) p:R™2 5 R gb6d30s MFy39¢09, 98mbsbng®vemos, 0b@ga®ads@os @ sl gosBbos dgmg
(0ol Bomzwom MHy39@0 FoMdmgdmwgdo, MHMIJEOMs3 ©0s, sdmBbgdow A sMgdo, OHMIGELsS
8903538 R x [k Kk]™* LodGogawg; ¢@-0ob 306ggmo ©s 8gmey  Go®Bmgdmemgdo  msbad®o
999mbsBE3OM0s A 56980 €y, > 0 87B03000.

59 300M0930L MBsbTs, ¢ BMbJz00Lsmz0L bydoldogemo i,j = 0, 1, ..., m-030L 335943L:
sup{| @i, jy| (s, Sos S1s s Sm): (S, S0, S1, oves Sm) € A} < C,. (4.6)
3060md9d0 W-lsmzol:
w1 [ w)dt =1;

(W2) W(t) 32969300 9693930© Foddmgdsos m = 1 Gogol Bsogwom. fiyzgd WO(t), i =0,1,...,m
319645090 594300 335dGHIB0 Bo@oMdgwo [—T, T] 06FHIOZsdo ©s bswos WO (—1) = wd(7) =
0;

(W3) 8103906985 0 < Cyyy, Coyy < 00 39900803900, GMBgdobmzoLss

infrer (W(i)(t)) = Cw»
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SUPter (W(i)(t)) < Cw
ymggeo i =0,1,...,m —om30.
(W4) 6gdobdogeo i = 0,1, ..., m-mzob WO € L ([—7, ]).

3060md900 h,,-Lsmzgol:

Jmax([loghy|;loglogn)
(h) NV - 0, Gogsn — oo,
n

390009200 533060 ©90> |a(k)(t, ti, hy)|-0b Bggslgds @ 39B39bmm, G@d ygmggwo k =
0,1, ...,m —30L LEAsOPE06OS

1
|a(k)(t, ti' hn)| < m ' Ck

n

MEGHMEMBY, Loog 0 < € < 0 2563390 399T039005.

o3 k = 0 —ogol

la©@ (¢, t;, hy)| =

k =1—-bogol

la® (¢, t;, hy)|

Shn n t—t ?
(5w ()

<n-CZZ,W+n-C22,W: 1 _zczz,wE 1 c.
hn'(n'C1,W)2 n-hi c¥, n-hl !

0601943000 500305 J03009dM, HMI

1
|d(k)(t, tirhn)| < Tl— - Cy-

h,

Cr-90L  dmEOL  MEobl, v 93060365300 Cyh-00, dog300gdm, MHMI gmzggwo k =
0,1, ..., m —»30L LBsOPE060S MEHMEMDS
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1
la®@(t, t;, hy)| < —% (o

ha

ay, (t)-00 530603bmm» &, (t)-b 350099503200 wm©Oobo:

n n

an(®) = Ban(0) = F( ) alt,tuhy) -Y(t) | = D alt,tyhn) - aleo.

i=1 i=1

3bsErMy0mEo,
1 n
al® = Fa(©) = > a0t tuhy) - al).
=1

398396mm, G 5OLYIMBL S Lol odmbabryegdgdo: I(a), I(a,) s I(a,).

AYOMGoL MM Mol Mobobds 690013090 (S, Sq, S1, -, Sm) €A FIOGHOWOLIMZ0L
Gows3 §; € A-30L 89330005 ©3(9OMOo:

m m
1
lo|(s,Sg,S1, ) Sm) = Z ®(;)(s,0,0,...,0)s; + 3 Z ©(i,j) (S, 50,51, -, Sm)siSj |-
i=0 £,j=0

d9L50580L5, IM0dgdbgds 3dogz0 € olgmo, HmA

m m
101(, 50,51, o) Sp) < C (leil + Z|si|2>.
i=0 i=0

599056 259mIE0bsMHgMdL, HMI 659d0Ld0gMHo FGAMLIBEZOWO Bmdoo fo(t), f1(t), ..., fm (t)
8169430900bmM30L L (R)-56 2394690

f 101(E, fo(©), f1(D)s o fin (D)) dt < . 4.7)

sbg, O™ I(a) s®LYIMBUL.

3060900, GMIWgdoi J9dmegdmwos W-mz0l a35dwg3l dol  dgdmbsbn3mIemmdsl s
063)92609050MdsL. (4.6) ©5 (4.7) BMOHIMNIO0EE 498mIE0bsMgMdL, GMI MMz 45dmbobrEgds
1(a,) 5 1(ay,) bLsLewEos bydoldogho n € N-mgob.

G900l GmEOIMoL 45dmygbgdoom d9ga30dwos agfigcmon:
1(@n) — 1(an) = Sp(hn) + Ry, (4.8)

bo@IE,
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Salha) =i f 0 (60, @ ®, ., a5 ©) () - o)) . 4.9
0

i=0

9936086mm, @3  b6gdoLbdogMo  h, > 0-30L s, (hy)  FoMIMoEIbL MY 3009dg0
39000b393000 LOOYJdOL X sdb. Ry, b5Fom H93ML 30 593L T9dg0 Loby:

Nl»—x

Ju

i f o (B ®) (a0® - P ) (6P - ol ) . (4.10)
0

i,j=
58 gEGIn@sd0 by (t) S60b (t, a,(0), &, (D), ...,a,gm)(t)) ©> (t, a, (0, ah (D), ...,a,&m)(t)) Ba®Bo@adoL
490596090900 H6OHx39.

399m30949gbmm LEIbIOEHMWO 3OHME9IOWOS, (4.7) ©s (4.10) BmMOHIME9d0Esb d93dwgdm R,
Bodmomo {jg3dol dgz3oLgdsls:

1 m
(l) (l)
IRal < C, Of ZO © - (t)) (4.11)

30J35m, W2 Lmdmwmggol Log®ags. 98 Log®Egdo 6m®ds @ Lgsms®vmo bs3Msgwo sby
3960LsBOzM9ds:

m 1 m 1
ol = | [190@Fde,  (g1,920m = > [ (6@ 6 @)t
0 0o

i=0 i=

8900300000 5@608365: 1, (M) = ||@, — ayll%. 3bg©sgm, B
|Ry| < Cypmn(m). (4.12)
3029300, U = Up(t) = a(t, ty, hy) - [Y (ti) — a(tp)], k =1,2,...,m,

Loog a(ty) = EY (ty), 35906

D U= alttha) - [V (5) - a(t)] =
k=1 k=1

n

= D altituhy) V() = ) alttuhy) - alt) = Ga(©) = an(0).
k=1

k=1

d9L50530L5,
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r,(m) = (4.13)

n 2
D Us
k=1

m

(4.13) gm®INsdo bgdoldogMo k = 1,2, ...,n-030L 9935835600 mommgmeo Uy 89Ls3z0gdo
lI-llm b®80m. 33936905

m 1 m 1
Wil = D" [ 0| de | ={ D [ Ittt - ¥ (6 - D@ e
0 0

i=0 i=0

1
2

2

m 1
Z fla(i)(t, ti, hn) - [Y (&) — a(tk)]lzdt =
0

i=0

& [ E IC & _ledCe (R0 1 :
i 2 €k &k
=1 -adl- Y [le@ahola ) < Zf n“'< h_2>
=00 i=00 n i=0 ™
1
_lelCe (A=R™ N2 1 0( 1 ) 4.14
T on RZm(1—h2)) —  nh* T nhm (4.14)

1530560bs© OO L > 0-;m300.

1, (M)-0b F9gx35L9doLM3Z0L Fodm304gbmo 353-s05MFOEOL “YEHME MBS

n
2.V
k=1

H(Ul, Uz, . Un) =

m

1bJgoobomgzol.

|[H(U,, Uy, ..., Ui—y, Uy, Upa, o, Up) — H(Uy, Uy, oo, Ui—q, Uy, Up g, o, Uy)|

n
Z U + U || — Uy + U,
k=1k=#i k=1k#i m
n
( S Uk+Ux)_< z UM)
k=1,k=#i k=1,k+i

< ||Ux = Uy |l < MUl + ||y || < 2M3

05050500539 (18) 30MMdYdT0 ymggwo cx = 2My,, k=1, ...,n. (19) 9GHMwmdoL ©s (4.14) dgxsbgdol
05b65bds 30 BydoLdogMo § > 0-;m30L 3394690
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n n 252 252 252n2h721m
p Zuk —E ZU" > 8¢ < 2exp| s | = 2exp |~ | = 2ewp (- =
k=1 m k=1 m
62nh2m
= 2exp|— n_)
212
59 Bogligom
2L,/logn
§=— "
Vnh?
9030090
n n 4L2l0gn . nhrzzm 2
kzl U —F kzl Uk >0, < ZeXp - nh.rzlm - ZLZ = Zexp(—ZZOgn) — F

m m

39903099bmm dMHg0-356EH 9ol gds. d03009000:

n

Q.U

096L960L MGHME™dOL Msbsbdo

n
2 U

k=1

<—Vlog">. (4.15)

n 2
E <E ZUR
k=1

m

m

INGE

)

1
f 1D (¢, b, ha) - [¥ (8) — a(t)]|de
0

k=11i=0
n m 1 n m 1 1
_ ZZJELX(D@ t, hy) - [V (t) — a(t)]| dt <C ZZf s EIY(8) — atoPde
k=11=0 =1i=0p
Cho? <0 1 Cho? 1-—h2m+2
< B : <K- , 4.16
n L n mma—ny =K e (4-16)

=0

(4.12), (4.13), (4.15) ©s (4.16) BMOIMgd06 d9a30d0s 3513365, HMI

logn
-o(2)

319, M LMW 0s605 F98YFO YOVIEGDS.
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0gmMgds 4.1. 3md3om, ULOM©gds (al) — (a3), (e1) — (€2), (), W1) — (W4) o (h)
3060900. 35306, Lo 0sBos

I(an) - I(an) = Sn(hn) + Ry

AWM, LG bsdMom [H93ML 5EBMBOM 1 5gd3L T9d90 MroYo

R,=0 logn 4.17
n =0 ) (4.17)
o IOMEOMdS

50 6sfoendo 258m30949bgdm mgm®gds 4.1-b S 3959330390 1(A,) F9xsLgdOL I3o3GO©
JoIOIEXOMBSL.

o0gmMgds 4.2. 300d350, LOMEWEIds MgmMOHgds  4.1-0b  306HMdYdO. IO  (hy)p=q
9008@93M™ds dgMBgos oby, G GrmEs n — ©

logn 0 4.18)

——=-0. .

nhzm (
95906 sedsmmdom 1

1(@,) - I(a) (4.19)

©58(})30(3909: gm©9ds 4.1-0L s (4. 8) BMOINOl Mbsbdo
I(an) - I(an) = Sn (hn) + Rn (4" 20)

Losg Ry = 0(1) o

i=0

Salln) i f o0 (6an®, @ ®, ., a7 ®) (6P ) - o ) ) .
0

(al) 306md0sb:
{(t, a, (), @ (0), ...,ag’”(t)) £ €[0,1]} € [0,1] x [~k K]™ 2,

580&™0, (¢2) 3060900 gomzoeolfjobydom, dmodgdbyds olgmo €, > 0 3m©dogo, Hmd

Su’p{l(p(l)l(tl tOl tll ey tm) (t, tOl tl: ey tm) € [Ol 1] X [_]kr k]m-‘-l} <
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39230005 ©o3hgMMmm:

ESp(hy) =0

m 1
DSy (hy) = ESZ(hy) < C2 z f E [a,(j)(t) - aff)(t)]z dt
0

i=0
2
a(l)(t ti hy) - E[Y (t) — a(ty)]

i=0 k=0
/1) 1
< CZCZ Z-Z —| ~C- 0. 4.21
g L (nhh) nh2m - ( )
(ON (e P 3]
logn
nh2m
5003md, Sy (hy) = 0 GMmEsn — .
. 1
Ea® () = j W w)a® (t) (t — uhy)du + 0 (W) (4.22)
n

-7
5990056 990degds ogol33b650:
i) (4.17) GOEmdoEb 3590d0bsMgmdL, O™ bryerolzgh 3Mgds@os — k, Bgdolidogho k =
0,1, ..., m-og30l;
ii) G n = 00 ag5dal Eal?(t) » a® (o).

3935%50mm Y39 650143580 s 80300090m, MM n = 00-mM30L

1

1
I(a,) = f <p(t,an(t),ag(t),. <’">(t) dt - f ® t a(t),a'(b), ...,a<m>(t))dt = ().
0

0

slsg, 608 1(8,) — I(an) = 0(1) 569 1(a,) — [(a) — 0.

09935 ©5IBHI0(3JOIWOS.
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G9BGH®XMEOH0 BM35M000 MgMmM9gds

Dom0m©agbol  »gmMHgdol  2sdmygbgdoom Fgodergds F0300Mmm  BEO3IMOMO  2obsfowgdols
300935 06¢)9aM M0 3w9b30mbsgrolimgols

1(a,) = fl @ (t, a, (), @, (0), ...,a;"%)) dt.
0

29bg0bocomm  (4.8) ULbgomds ULoog bgdolbdog®o  hy, > 0-og0L,  s,(hy,)  Fo®Imowagbl
5330009090 99dnb3z930m0 LoEWOWYJdOL XL (4.9). R, 65dmoom (930l 30 5J3L (4. 10) Loby:

3b500s, ™I
ES,(hy) =05 ER, = 0 Gmgon — oo, (4.23)
2965 5dols
m /1 2
E(Su(h))' =02y, f 0o (£:0n(®), @4 (D), ... a(®)) dt (4.24)
i=0 \0

s VarR,, - 0 Gmgon — .

53 306MdgBOLMZOL MBS ©359BZoGM®, M Vn(1(@,) — I(a,)) boEowy SoI3GMGHNGI©
B®AomE0s 5 MBS 2odmzm35eMm DBPIIMOMO Z9M0s(305. 93MIMZ9, 0JMM)IoEd ©s (4.8),
(4.23) ©> (4.24) §OOINWIRO0EH bos 3sBgzbmom VnS,(h,) Lowool sLod3GHmEHMM©
B®dorm®Mds. (4.10) BMOIME0ED  godmdobsg, Ls3dsMolos gl m30Lgds dg30LHogwrmm

39900920 LoEoOLmM3zOL:
m 1
di =Y (&) Z f aO(t, t;, hn) " @) (t, a, (1), an (o), ---.a%"‘)(t)) dt (4.25)
i=00
500300 dgLsdRb93005, Br2d
m 1
Ed, = a(tk)-z j aO(t,t, hy) - 9 (t, a, (), (D), ...,a;’")(t)) dt (4.26)
i=0

5699 30boEs3m MM 30009390 Fgdmnbzg30m0 LoOYYdOL J0IIZOMMBSL:
fa(l) = a(m k) (Y(te) — alty)) = a(n, ke,

bos3
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m 1
a(n k) = Z f aO(t,t hy) - 9 (t, an(t),a;(t),...,a;m)(t)) dt.
0

i=0
39630bo@wmm %900 Sy, (hy,) = D=1 a(n, k).

300d350m, Fi n, 960b a(n, k)e, 9900b393000 LoEOYIOOL SEWBMNMO d5Bsfogdol gwbdsos,
F; — 30 & 89000b393000 LOOEYYOOL 5BsNYMO RobsFogdoL BMbJ30s. WobyMHBYMROL 30MHMOL
593b 89890 Lobg: V& > 0, limy, 0L, (6) = 0, bosg

Sha [ 2 (1] = 80(Zey a? (k) 72) dFip ()

a2 yr_ja?(nk)

L, (6) =
53 J (A) §o6dmoagbl A LodMS3WOL 0BEOISGMM BMbIE0sL. 5300 LB, HMI
1
L,(8) < —ZMX15jen f x%J(Ix| = Sov(n,j))dF,

boIE3,

la(n, j)|
_
(Z1, a?(n, ) /2

v(n,j) =

B5B396909w0 BBYdS, BMI Max;<j<p (1, j) = 0 HMEs n = 0. Boa©50, MoEYbs3

. 1
maxi<jspla(m, )| =0 (nh,’l’)'

580@™a

. 1
massgensn) =0 (-5)

319, O™ obEIMHBYMRROL 30OHMBS LEOVIMYdS s FJ300¢05 BsTMZ594sTP0dMO

®906935 4.3: 30043500 LEYEWEIdS MYNGHYIs 4.1-0l 306HMBdYdO. 85306, vy h, = 0 s VnhZ™ —
00 BHEOEs N = 0, bydsGmwosbos Vi(1(@,) — I(ay)) =4 N(0,72). bswsg

2

m 1
r2 = g2 Z f P (t, a,(t), a,(t), ...,a;’")(t))dt
0

i=0
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Dma09M0 359mygbgds

39630bomm 0b39ga®mowmEmo gmbdombswo
1

L(a) = f a?(t) dt

0

50 9900bg93580 @ (t, X, X1, -, X)) = X& 603> Xo € [-b,b] D [~k k], b > 0. 35306, o) h, - 0 >
VnhZ™ — 0o GmEs n - o, 33996905 3OIBIOMBS

Vn(1(@,) — I(ay)) =4 N(0,72),

1 2
r? = 40?2 (f a(t)dt) :

0

bogs3

39630bomm 50dgmol 0bxgm®mds30veo 0bdgyMowo

(@ ®)

TR

L(a) =

2
435d3b @(t, Xg, X1, ) X)) = —=. 85806 t € [0,1] => a(t) € [a,b],b>a > 0 ©s b = b. o hy, = 0

X2

Q> \/ﬁh,zlm — 00 MMEd> N — 0, 35dob

Vn(1(@y) — I(an)) ~a N(0,72),

1 , 2 , 2
PR f(( ©) 2 <t>) "

2 \(e®)” o0
a'(0) 1 (@) 1 (a'(0>)2>2

l 0)— = ——=+—-
a(0) 09a(0) 2 (a(l))z +2 (a(O))Z

boOE3,

a'(1)
= g2 (a(l) loga(1) —
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Sbns gobgobomo

(00)

Is(a) = f (a(®))’dt

— 00

316d30mbswo (s > 1). 5 @(t, xg, X1, -, Xm) = X5, GOEd %, € [—b,b] 2 [~k k], b > 0. ®>mh, > 0 >
VRhZ™ - 00 Geags n — 00, 85906

Vn(I(@,) — 1(ay)) =4 N(0,72),
Loo3

1 2
2

r? = s%g? fas_l(t)dt
0

MU 25630b0Mmo G96mbols 0bGga®mowrm@mo gbGHM™M30s

I,(a) = f a(t)loga(t)dt.
bo305Mm0bsE ©oo b =k > 0-o30L vy 0 < x5 < b, 33593b @ (t, X0, X1, ..., X)) = @(x0) = xplogxy.
©5353)900m 2ob3LsBOZOM™M @ gmbJ30s 0-9g, P(x) = 0 GmEs —b < x < 0, 35806 t € [0,1] => a(t) €
[a,b],b>a>0©sb=b. o h, > 0 ©>Vnh2™ - 0 Gags n - o, 85906

Vn(1(@,) — I(ay)) =4 N(0,72),
Loo3

1 2
2

r? = og? fa(t)(l + loga(t))dt

0
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3963993000 mysGomMdols M30lYds

399m30949bmm  30mdlol  3bmdogo  2sbdgmEmgd0mO
Bodm3zo4oe0dmo 99890

09mM99s 4.4. 0¢) hy, 308g3OMdS gOBgME0s oby, Bma
’l l
R, =0 oglogn '
n

lim sup i \/E(I(an) - I(an)) -7

n-oo v/ 2loglogn

©59()30(39095. TSNS, 90300 EILEBIBOS, Brend

35dob

. Y@ @)

MSH0mIoL

limsu

noo 0 [2loglogn n—w \2loglogn

30L9d

up+ Vn(a(m, )Y (&) — a(kalty) _
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§5. bodmes30900

50 356153650380 oMImygbowos MHogbgzomo LodMwsE0gdo 3FBOHOEWGOIOL s FMsx303900L
Lobom. 30639 s dgmeg 3bG0Wgddo ImEgdvwos MHoEbzomo  LodMEsEool dgwgagdo 0d

1
= ﬁ’
8M6dzos [0,1] dmsegdo ogdls W (t) = —6t(t —1) 096083690mdgdL, Lbgsgeb 30 Mmool 0-b.

d9bg93900Lm30L, GmEs n = 10000, A, W(t) sewdsm®o 1od3zmo30L mM30L9d9d0L 3Jmby

89©93%9 ©533063980LM30L 5©09dM0s Fobslfs® 36mdowo a(t) = 36t (t - %) (t - g) ambdgos.

gb®ocro 1.
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
b9LGo 0.000 | 0.476 | 0.448 | 0.132 | -0.25 | -0.50 | -0.38 | 0.308 | 1.792 | 4.284 | 8.000

P-Ch éga®qlos | 0.000 | 0.685 | 0.340 | 0.213 | -0.21 | -0.52 | -0.42 | 0.192 | 1.586 | 4.072 | 7.776

Error P-Ch 0.000 | 0.209 | 0.108 | 0.081 | 0.038 | 0.028 | 0.045 | 0.116 | 0.206 | 0.212 | 0.224 | 1.26653

N-W Gga@9bos | 0.000 | 0.685 | 0.340 | 0.213 | -0.21 | -0.52 | -0.42 | 0.192 | 1.586 | 4.072 | 7.777

Error N-W 0.000 | 0.209 | 0.108 | 0.081 | 0.038 | 0.028 | 0.045 | 0.116 | 0.206 | 0.212 | 0.223 | 1.26530
gbcoo 2.

t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Rery o) 0.000 | 0.476 | 0.448 | 0.132 | -0.25 | -0.50 | -0.38 | 0.308 | 1.792 | 4.284 | 8.000

P—Chﬁ)ggﬁ)gboo 0.000 | 0.491 | 0.389 | -0.03 | -0.28 | -0.50 | -0.55 | 0.181 | 1.716 | 4.107 | 7.820

Error P-Ch 0.000 | 0.015 | 0.059 | 0.169 | 0.026 | 0.004 | 0.166 | 0.127 | 0.076 | 0.177 | 0.180 | 0.999138

N—Wﬁ)ggﬁ)gboo 0.000 | 0.492 | 0.389 | -0.03 | -0.28 | -0.50 | -0.55 | 0.18 | 1.716 | 4.107 | 7.821

Error N-W 0.000 | 0.016 | 0.059 | 0.169 | 0.026 | 0.004 | 0.166 | 0.127 | 0.076 | 0.177 | 0.179 | 0.997903
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dgbodg s Agmmby 3bMowrgddo dmiEgdmewo Gogbgzomo Lodmwszool 999agdoL Jobowgdsw

509dM0s dgmbgzgzgdo, OHmas n = 10000, h, = %, W (t) sq0ds0M0 1033360306 M30LgdgdOL IJmby

BM6dzos [0,1] Fmsegdo ogdls W (t) = —6t(t —1) 096083690mdgdL, Lbgsgeb 30 Mol 0-b.

890920L 565¢0BolsmMZ0L 50gdE0s Fobslifs® 3bmdowo a(t) = et gnbgos.

gbcoro 3.
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
b9LGo 1.000 | 1.105 | 1.221 | 1.350 | 1.492 | 1.649 | 1.822 | 2.014 | 2.226 | 2.460 | 2.718
P-Ch ®gatgbos | 1.000 | 1.203 | 1.292 | 1.366 | 1.542 | 1.666 | 1.765 | 2.076 | 2.217 | 2.478 | 2.714
Error P-Ch 0.000 | 0.098 | 0.071 | 0.016 | 0.050 | 0.017 | 0.057 | 0.062 | 0.008 | 0.018 | 0.004 | 0.40161
N-W Gga®qLbos | 1.000 | 1.203 | 1.292 | 1.366 | 1.542 | 1.666 | 1.765 | 2.076 | 2.218 | 2.478 | 2.715
Error N-W 0.000 | 0.098 | 0.071 | 0.016 | 0.050 | 0.017 | 0.057 | 0.062 | 0.008 | 0.018 | 0.004 | 0.40200
gbcoo 4.
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
bLEo 1.000 | 1.105 | 1.221 | 1.350 | 1.492 | 1.649 | 1.822 | 2.014 | 2.226 | 2.460 | 2.718
P-Ch ®gatgbos | 1.000 | 1.155 | 1.162 | 1.326 | 1.299 | 1.476 | 1.824 | 2.038 | 2.129 | 2.414 | 2.698
Error P-Ch 0.000 | 0.050 | 0.059 | 0.024 | 0.193 | 0.172 | 0.002 | 0.024 | 0.096 | 0.046 | 0.021 | 0.68672
N-W éga®glos | 1.000 | 1.156 | 1.162 | 1.326 | 1.299 | 1.477 | 1.824 | 2.038 | 2.129 | 2.414 | 2.698
Error N-W 0.000 | 0.050 | 0.059 | 0.024 | 0.193 | 0.172 | 0.002 | 0.024 | 0.096 | 0.045 | 0.020 | 0.68587
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30639000 35530306 899900l doLoegds ImEgdwmwo Mogbgzomo Lodwmwsizoolsmzol

s©9gdmwos n = 10000, h, = %, W(t) sedsmm@o bodzz®ogol mzolgdgdol ddmby gwbjsos [0, 1]

9mogdo  0@gdl W(t) = —6t(t —1) 086093690mdgdL, Ubgogob 3o <dol 0-b. Fgwga®y
©533063980Lm30L 509dve0s Fobolfs® 3bmdowo a(t) = 36t (t - %) (t - g) xbJ30s, MHMIgwos
23590mbsbEos Mgz9BHo fodom. ¥; 3300393930 50q0w0s HoMGH0Wwgdom, BsEsMms0s-3mELMbOL

390920 30 - §Y39¢0wo foMom. dgmeg s dgusdg 6M0303900L F909agd0L JoLOMIOI® SMWIOM0S
FoboliGat 3bmdowo a(t) = et gnbdgoo.

3M53030 1.

10.000

8.000 X

6.000

4.000

e Hls &0
"""" N-W 6gatmgbios
X Yi

2.000

0.000

-2.000 ¢

-4.000
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30533030 2-3.

5.000

4.500

4.000

3.500

3.000

2.500

2.000

1.500

1.000

0.500

0.000

— HLEo
cecece N-W G9g909Los
X i

4.000

3.500

3.000

2.500

2.000

1.500

1.000

0.500

0.000

= HLEo
ceesee N-W Mgamgboos
X Yi
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dgbmmg bMoEol s dgmmby M953030L F99gd0L dolowgds dmEgdmewo MHoEblzomo

t2
LodMEs300LOM30L 0lY3 sMgdos n = 10000, h, = %, W(t) = e 2. 8990093%B9 ©330603900LM30L

5090105 Fobalifat gbmdowo a(t) = et gmbdzos, HG@Igeog gsdmbsbrymos Mfyzgdo Fomom. y;
053306390930 50909905 F9OHEH0G00m, B3EM05-3mELMBOL dgga0 30 - H939B0wo foMoo.

3bMowo 5.

DLEo 1.000 | 1.105 | 1.221 | 1.350 | 1.492 | 1.649 | 1.822 | 2.014 | 2.226 | 2.460 | 2.718

N-W &gaGglos | 1.000 | 1.156 | 1.257 | 1.369 | 1.478 | 1.634 | 1.764 | 1.988 | 2.237 | 2.482 | 2.706

Error N-W 0.000 | 0.051 | 0.035 | 0.019 | 0.014 | 0.015 | 0.058 | 0.026 | 0.012 | 0.022 | 0.013 | 0.265342
2360053030 4.
3.500
X
3.000
2.500 s¢

2.000

1.500 b9LGHo
/ ...... N-W 69369605

1.000 X

IS X Yi
X
0.500
X
0-000 T T T T T T T T T T 1
1 2 3 4 5 6 7 8 9 10 11
-0.500 a
-1.000
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t2

L W) =e 2. 000¢936m LodMEs3090d0

09000930 g439wysb s@gdmeos n = 10000, h, = N
89033905 dbm@wme a(t) gmbgos. of a(t) = 3 9by3930 Fomos, N-W dosbeomgds §y39¢0wo
Do60s. smzowos 0b@gaMowgdo.

5.000
4.500
4.000
X
3.500 X X
X
3.000 @ e e e e
- s HEHo
2.500
S e N-W 6Gga6mqLbos
AV
2.000 % Yi
1.500 ¢
1.000
0.500
0-000 T T T T T T T T
1 2 3 4 5 6 7 8 10 11
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
bmbGHo 3.000 | 3.000 | 3.000 | 3.000 | 3.000 | 3.000 | 3.000 | 3.000 | 3.000 | 3.000 | 3.000
N-W
2994 | 2977 | 2945 | 2973 | 3.013 | 2944 | 3.030 | 2.953 | 2.968 | 3.016 | 3.064
0936M9L0S
Error N-W 0.006 | 0.023 | 0.055 | 0.027 | 0.013 | 0.056 | 0.030 | 0.047 | 0.032 | 0.016 | 0.064
Yi 5.9807 | 2.9326 | 4.5246 | 1.4562 | 3.513 | 4.1436 | 3.6009 | 2.6189 | 3.3913 | 2.0717 | 1.7357
oM 3mbgOL &®339300L Lod3Lmbols
RMOIMYS RMOIYS RMOIMS
BmLE0 063 JAMoo 3.000 3.000 3.000
06330l dosbeon- 2.988 2.985 2.981
90000 3603369c0mds
Error 0.012 0.015 0.019
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a(t)=t+1

2
2.500
X
2.000 X
X
X X
1.500
e B0
1000 g tceree N-W &ga6m9Los
X Yi
0.500
X
O-OOO T T T T >< T T T T
1 2 3 4 5 6 7 8 9 10 11
-0.500
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
OO‘QUQ‘)O 0.500 | 0.600 | 0.700 | 0.800 | 0.900 | 1.000 | 1.100 | 1.200 | 1.300 1.400 | 1.500
N-W Gga6glos | 0.512 | 0.579 | 0.668 | 0.904 | 0.871 | 1.044 | 1.025 1.207 | 1.305 1.286 1.401
Error N-W 0.012 | 0.021 | 0.032 | 0.104 | 0.029 | 0.044 | 0.075 | 0.007 | 0.005 | 0.114 | 0.099
Yi 0.6519 | 1.2085 | 2.041 | 3.0673 | 0.323 | 1.0871 | 1.1709 | 1.8588 | 1.6032 | 5.0602 | 2.3988
oM 3mbgOL &®339300L Lod3Lmbols
RMOIMYS RMOIYS RMOIMS
BmLE0 06¢JAMo 1.000 1.000 1.000
06330l dosbeon- 1.029 0.985 0.991
90000 3603369c0mds
Error 0.029 0.015 0.009

67




a(t)

~ t+0.25
5.000
4.000 o
\ )
3.000
\\ X
2.000 S BOLAHO
\ X eeeees N-W 6’366’31)05
1.000 " X i
X
0.000 . . . . . . . —X .
1 2 3 4 5 6 7 8 9 10 11
-1.000 X
-2.000
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
OO{jbd‘)O 3.998 2.857 2.222 1.818 1.538 1.333 1.176 | 1.053 0.952 0.870 | 0.800
N-W 6)365)31)0() 3.777 2.827 2.231 1.794 1.510 1.384 | 1.268 | 1.023 1.009 0.838 | 0.837
Error N-W 0.221 0.030 0.009 0.024 0.028 0.051 | 0.091 | 0.030 0.057 0.032 | 0.037
Yi 3.7327 | 3.1541 | 2.4448 | 1.4732 | 1.4324 | 2.8709 | 2.085 | 0.1121 | 1.9688 | 1.0938 | -0.32
oM 3mbgOL &®339300L Lod3Lmbols
RMOIMYS RMOIYS RMOIMS
BmLE0 06¢JAMo 1.609 1.609 1.609
0bHIOOL dosbepe- 1.472 1.619 1.604
90000 3603369c0mds
Error 0.137 0.010 0.006
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a(t) = 3t?

4.000
3.000
2.000
S o1y |11 70)
1000 +—F—— 00— eceees N-W 69a6mqLbos
X Yi
0.000 !
-1.000
X
-2.000
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
bmbGHo 0.000 | 0.030 | 0.120 | 0.270 | 0.480 | 0.750 | 1.080 | 1.470 | 1.920 | 2.430 | 3.000
N-W
-0.085 | -0.078 | 0.162 | 0.360 | 0.537 | 0.773 | 1.072 | 1.406 | 1.946 | 2.427 | 3.033
936090
Error N-W 0.085 | 0.108 | 0.042 | 0.090 | 0.057 | 0.023 | 0.008 | 0.064 | 0.026 | 0.003 | 0.033
Yi 0.6367 | 0.7697 | 0.1491 | 0.5213 | 0.2029 | 0.2029 | 0.5358 | 2.5384 | 2.078 | 4.0377 | 1.4507
3560 3Mmbgols GM539300L Lod3LMbols
RMOIMYS RMOIYS RMOIMS
BmLGO 063 gm0 1.000 1.000 1.000
0b6gRM0b dosbere- 1.110 0.976 0.970
90000 3603369c0mds
Error 0.110 0.024 0.030
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(t) 35t<t 1)<t 2)
a = —_— —_—
3 3
10.000
8.000
6.000
= HlBHo
400 +—m——————————————————————————————————————————f ————————— ceeees N-W G9a6qLos
X XYi
2.000
X X
X
| ™ T Yy,
0-000 >< N T T P >< T T
1 2 3 4 5 6 7 8 9 10 11
X
-2.000
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
bmLGHO 0.001 | 0.476 | 0.448 | 0.132 | -0.25 | -0.50 | -0.384 | 0.308 | 1.792 | 4.284 | 8.000
N-W 6é9g6qLos | 0.155 | 0.469 | 0.441 | 0.160 | -0.22 | -0.42 | -0.406 | 0.248 | 1.849 | 4317 | 7.577
Error N-W 0.154 | 0.007 | 0.007 | 0.028 | 0.036 | 0.075 | 0.022 | 0.060 | 0.057 | 0.033 | 0.423
Yi 0.7145 | 0.2767 | 0.9731 | -0.83 | -0.91 | -0.23 | 1.0173 | 1.7485 | 0.8874 | 3.6088 | 7.9592
oM 3mbgOL &®339300L Lod3Lmbols
RMOIMYS RMOIYS RMOIMS
BmLGO 06¢ Moo 1.000 1.000 1.000
050RO>0b dosbere- 1.401 1.030 1.005
90000 3603369c0mds
Error 0.401 0.030 0.005
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a(t) = sin2t

2.500
2.000
X
1.500 X
X
1.000 e =
X
0.500 bYLGHo
X X e N-W 6gatmgbos
0.000 - T T T T X T T T T X Yi
1 2 3 4 5 6 7 8 9 10 11
-0.500
-1.000
-1.500 2
-2.000
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.00
bmLGHOo 0 0.199 | 0.389 | 0.565 | 0.717 | 0.841 | 0.932 | 0.985 | 1.000 | 0.974 0.909
N-W 6ga6qlos | -0.00 | 0.203 | 0.487 | 0.493 | 0.611 | 0.920 | 1.051 | 0.902 | 1.007 | 0.981 0.999
0.00
Error N-W 4 0.004 | 0.097 | 0.072 | 0.106 | 0.078 | 0.119 | 0.083 | 0.007 | 0.008 0.090
Yi -0.63 | -0.03 | -0.30 | 1.238 | 0.752 | 1.376 | 2.132 | 1.840 | 1.091 | 1.115 -0.44
oMM 3mbgOL A®339300l Lod3Lmbols
RMOIMS RMOIMYS RMOIMS
BMLGO 063 gm0 0.708 0.708 0.708
06330l dosbeon- 0.765 0.715 0.710
90000 3603369c0mds
Error 0.057 0.007 0.002
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a(t) = sin8t

3.000
2.500
X
2.000
1.500 -
1.000 P X oo‘abe)o
/\ X // """ N-W 6g3Mgbos

0.500 /
0.000 +—£
1

2 3 4 5% 6 7 8 /9 10 1n
X X 4
-0.500 \/:
-1.000 > X %
-1.500
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
belsBo 0.001 | 0.717 | 1.000 | 0.675 | -0.058 | -0.757 | -0.99 | -0.631 | 0.117 | 0.794 | 0.989
N-W égatglos | 0.078 | 0.810 | 0.968 | 0.672 | -0.024 | -0.817 | -0.99 | -0.613 | 0.230 | 0.729 | 1.041
Error N-W 0.077 | 0.093 | 0.031 | 0.003 | 0.035 | 0.060 | 0.001 | 0.018 | 0.113 | 0.065 | 0.051
Yi -2.34 | 2.3544 | 0.2278 | -0.46 | 0.8752 | 0.6589 | -1.23 | 1.7239 | -0.36 | 2.1472 | 2.0379
3560 3Mmbgol GM539300L Lod3LMbols
RMOIMYS RMOIMYS RMOIMS
BmLGO 06¢ Moo 0.143 0.143 0.143
0b609RO>@b dosbepe- 0.177 0.126 0.132
90000 3603369c0mds
Error 0.034 0.017 0.011
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a(t) =et

3.000
X
2.500 /
X
X
2.000
e Bgl3 50
1.500
''''' N-W 69gacmqLbos
X Yi
1.000
0.500
X
O-OOO T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10 11
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
00‘31)@0 1.000 1.105 1.221 1.350 1.492 1.649 1.822 2.014 2.226 2.460 2.718
N-W
0.984 | 1.168 | 1.252 1.289 1.402 1.710 | 1.788 | 2.015 | 2.252 | 2.479 | 2.833
6936090
Error N-W 0.016 | 0.063 | 0.031 | 0.061 | 0.090 | 0.061 | 0.034 | 0.001 | 0.027 | 0.019 | 0.115
Yi 1.6574 | 0.2806 | 0.0911 | 0.8953 | 3.2928 | 1.8217 | 2.9214 | 0.6838 | 3.1579 | 0.9861 | 2.8968
oMM 3mbgOL &®339300L Lod3Lmbols
ROIMWS ROIMWS ROIMW
BmLE0 063 JMo 1.718 1.718 1.718
0b3m3E0b osbere- 1.806 1.726 1.718
90000 3609369cmds
Error 0.088 0.007 0.001
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1.500

0.500

B0

0.000 T T T T T T T T T T 1 ececes N-W 6)066)0[)00
1 2 3 4 5 6 8 9 10 11 % Yi
X
-0.500
X
-1.000 X
-1.500
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
00‘31)@)0 1.000 0.970 | 0.887 | 0.763 | 0.619 | 0.472 | 0.340 | 0.230 | 0.147 | 0.088 | 0.050
N-W
0.927 0.832 | 0.807 | 0.704 | 0.571 | 0.503 | 0.313 | 0.209 | 0.205 | 0.076 | -0.02
692M9L0s
Error N-W 0.073 0.139 | 0.080 | 0.059 | 0.047 | 0.031 | 0.027 | 0.021 | 0.058 | 0.012 | 0.073
Yi 0.8762 | 0.2675 | 0.3225 | 1.8612 | 1.1181 | 1.9325 | 1.5344 | 0.2879 | -0.46 | -1.36 | -0.45
oMM 3mbgOL A&®a39300l Lod3Lmbols
RMOIMYS RMOIYS RMOIMS
0609RO>@b dosbepe- 0.450 0.506 0.509
90000 3609369 mds
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a(t) = et’

3.000
2.500 /
2.000
X
X — 0
1.500
ceceee N-W GgaMglos
X Yi
1.000 |t
X
0.500
X
0-000 T T T T T T T T T T
1 2 3 4 5 6 7 9 10 11
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
bmbEo 1.000 | 1.010 | 1.041 | 1.094 | 1.174 | 1.284 | 1.433 | 1.632 | 1.896 | 2.248 | 2.718
N-W 6ga6glos | 0.906 | 1.015 | 1.139 | 1.138 | 1.089 | 1.233 | 1.437 | 1.653 | 1.894 | 2.357 | 2.570
Error N-W 0.094 | 0.004 | 0.099 | 0.044 | 0.085 | 0.051 | 0.004 | 0.021 | 0.002 | 0.109 | 0.149
Yi 1.5987 | 0.8072 | -0.27 | 0.539 | 1.3379 | 1.0771 | 1.3451 | 0.6849 | 0.2615 | 2.3447 | 2.8123
3560 3Mmbgol GM539300L Lod3LMbols
ROIMWS ROIMWS ROIMW
1) -
0bGgROe0b dosbee 1553 1.469 1.473
90000 3603369c0mds
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4.000
3.500 X
3.000
X
2.500
B BHo
2.000
X ceceee N-W G9gg0glos
- X Vi
1.500
> X
1.000
0.500
X
0-000 T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10 11
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
bmLbGo 2.718 2482 | 2301 | 2.158 2.043 | 1.948 | 1.868 1.801 1.743 1.693 1.649
N-W
2.801 2414 | 2,277 | 2.147 2,150 | 1.896 | 1.937 1.686 1.758 1.689 1.542
936M9L0s
Error N-W 0.083 0.069 | 0.024 | 0.011 0.108 | 0.052 | 0.069 0.115 0.015 0.004 0.107
Yi 1.6644 | 2.6423 | 1.945 | 2.7868 | 1.6106 | 0.634 | 1.2314 | 2.9151 | 1.4594 | 1.4861 | 0.1838
3560 3Mmbgol GM539300L Lod3LMbols
RMOIMWS ROIMWS ROIMWS
050RO>0b dosbere- 1.950 2.013 1.997
90000 3603369c0mds
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a(t) = (¢ + 1P

3.500
3.000
X
X
2.500
2.000
X e B30
ceceee N-W Ggy0glos
1500 XV
1.000
X
0.500 +—=X
X
0-000 T X T T T T T T T X T
1 2 3 4 5 6 7 9 10 11
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
bMLbGO 1.000 | 1.091 | 1.164 | 1.224 | 1.272 | 1.310 | 1.341 1.366 | 1.386 | 1.402 | 1414
N-W 5)36&)81)0.) 0.962 | 1.080 1.195 | 1.134 | 1.314 | 1.331 | 1.357 1.409 1.472 1.347 1.482
Error N-W 0.038 | 0.011 | 0.031 | 0.090 | 0.043 | 0.021 | 0.015 | 0.043 | 0.085 | 0.055 | 0.068
Yi -0.01 | 1.0649 | 1.4317 | 1.042 | 0.2106 | -0.16 | 1.8008 | 1.2367 | 2.3937 | 1.6349 | 2.7734
3560 3Mmbgols GM539300L Lod3LMbols
RMOIMYS RMOIMYS RMOIMS
0b3™30b dosbeon- 1.291 1.272 1.271
90000 3609369cmds
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a(t) = (t+1)¢

3.000
X
2.500
< X
2.000 X
X X
1.500 — s 3o
------ N-W 6gacmgbos
X :
1.000 X Yi
0.500
X
0-000 T T T T T T T 1
2 4 5 6 7 8 9 10 11
X
-0.500
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
bmLGHO 1.000 | 1.010 | 1.037 | 1.082 | 1.144 | 1.225 | 1.326 | 1.450 | 1.600 | 1.782 | 2.000
N-W ég6qlos | 0.978 | 1.060 | 1.032 | 1.089 | 1.128 | 1.252 | 1.360 | 1.450 | 1.622 | 1.862 | 2.004
Error N-W 0.022 | 0.050 | 0.005 | 0.007 | 0.016 | 0.028 | 0.035 | 0.000 | 0.022 | 0.080 | 0.004
Yi 2.0773 | 1.3621 | 1.2373 | 0.3312 | 1.2836 | -0.14 | 3.4734 | 0.7422 | -0.56 | 0.8036 | 2.4705
o6 3Mmbgols GM539300L Lod3LMbols
ROIMWS ROIMWS ROIMW
0b609RO>@b dosbepe- 1.386 1.335 1.337
90000 3603369c0mds
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a(t) = (sint)cost

2.500
2.000 a
X
1.500 ¥4
1.000
0.500 babooe
°°°°° N-W ég36m9L0os
0.000 X Yi
-0.500
X
-1.000
-1.500
X
-2.000
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
DMLGHO 0.000 | 0.101 | 0.205 | 0.312 | 0.420 | 0.525 | 0.624 | 0.714 | 0.793 | 0.859 | 0.911
N-W 6&9369b05 0.069 | 0.150 | 0.207 | 0.302 | 0.427 | 0.514 | 0.651 | 0.735 | 0.787 | 0.857 | 0.901
Error N-W 0.069 | 0.049 | 0.002 | 0.010 | 0.008 | 0.011 | 0.028 | 0.021 | 0.006 | 0.002 | 0.009
Yi -0.48 | -0.35 | 1.652 | -0.01 | -0.72 | -0.72 | 1.337 | 1.8265 | 2.4849 | 0.6231 | 3.6094
oMM 3mbgOL A®339300l Lod3Lmbols
ROIMWS ROIMWS ROIMW
06330l fosbeon- 0.553 0.512 0.512
90000 3603369c0mds
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a(t) = In(t? + 2)

3.000
X
2.500
2.000 <
1.500 X
1.000 —
3iiiRal X =—abdo
0.500 X > ceeees N-W G9369b05
X Yi
O-OOO T T T T T T T T T 1
1 2 3 4 5 6 7 8 9 10 11
-0.500
X
-1.000
-1.500
X
-2.000
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
bmbGHo 0.693 | 0.698 | 0.713 | 0.737 | 0.770 | 0.811 | 0.859 | 0.912 | 0.971 1.033 1.099
N-Wﬁ)ggﬁ)gbob 0.683 | 0.682 | 0.778 | 0.868 | 0.757 | 0.835 | 0.849 | 0.931 | 0.879 1.052 1.137
Error N-W 0.010 | 0.016 | 0.065 | 0.131 | 0.013 | 0.024 | 0.010 | 0.019 | 0.092 | 0.019 | 0.038
Yi -1.79 | 0.628 | 0.5732 | -0.82 | 2.6965 | 2.4319 | 1.1004 | 3.2283 | 0.8776 | 1.6891 | 0.8981
oMM 3mbgOL &®339300L Lod3Lmbols
RMOIMYS RMOIMYS RMOIMS
06330l dosbeon- 0.877 0.854 0.861
90000 3609369cmds
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a(t) =lIln "

242

1.000
X
0.500
X
0.000 . X . —X— . .
1 2 3 4 5 6 7 8 9 10 11
X
-0.500 - e Y3530
TS e N-W 6936900
-1.000 X Yi
-1.500
X
-2.000
X
-2.500
t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
DmLGHo -0.69 | -0.698 | -0.713 | -0.73 | -0.77 | -0.81 | -0.85 | -0.91 | -0.97 | -1.03 | -1.09
N-W 69969L0s -0.63 | -0.751 | -0.691 | -0.81 | -0.87 | -0.81 | -0.81 | -0.86 | -1.00 | -1.03 | -1.05
Error N-W 0.062 | 0.053 | 0.022 | 0.074 | 0.102 | 0.003 | 0.041 | 0.050 | 0.031 | 0.002 | 0.041
Yi -1.06 | 0.0008 | 0.8782 | -0.97 | -0.34 | -0.97 | -0.25 | -2.79 | -1.23 | -0.56 | 0.971
3560 3Mmbgols GM539300L Lod3LMbols
ROIMWS ROIMWS ROIMW
050RO>@0b dosbere- -0.872 -0.850 -0.852
90000 3603369c0mds
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§6. ©5L33bs

1. B5d6OHmATo gobboemos 439moBg  393MEIWIOMO S 9GO0 MHJAMgLOOL
23bJd30900L  Fgx3oLgdol  3OOLEHWO-BoML,  AOLYMH-FoWgOOLs s BIIMH05-35BHLMbOL

d0p™d900;

2. y39ws 39bbowrmen 990mbgzg35d0 B00gdIemos 9.§. Fomdmoagbol mm®mqdgdo, Hmdgwms
SOLo 0050 0EAMT>MYMBL, MHMI  OHJaMgbool FMbdio0ls s dolo  FoMHImgdIEgdol
06¢93M500 60 3bJ3ombogo §o®mBmygds mMo dgliszmgdol Loboom. dsmysb 300390 s6oL
©59M)3000909 9dmbzg300m LoogMs X 5d0, bmerm dgmeg bsdmomo §9360;

3. bsdomomo {j9300bsm30L, Lsdozg H93GLsM30L, JoWYdWos BmEolzgh 30M9dsE™dOL
M0Q0;

4. 15305Mm© DMYPd© 30635030 06EJAMWMOHO BMBI30MbIOLIMZ0L sTFHI0EFIOL0S
do 9O Mol mgm©9d9d0;

5. y39ws aobowwrme dgdmbzgzedo dowgdmwos 3060HMdYd0, MHMIGEms dglcrvegdolsls
5SRO0 5936 SBOA3GHMAHYIMO bMEMToMOMIOL M30LgdL, IYHIBOWOs FobMGOsgdgwo
$030900;

6. L5d03g 9900bg935d0 HYRIBOWO0S 9.§. 396T9IMOHIOOMO MYl MZoLYds;

7. 90myg3560¢005 H589b0dg 306360930 g58mygbgdomo Bogoomo yzgus dsbbowrmeo
06393050 gmbdiombscmobsmgol,  dsod  mMolb  godgMol  0bxgm®Iszomwo
06393M5¢00lbom3z0l, d96mbols 0b@E Moo 9bG®mM300ls s MYaMgbool BwbJszool Lbgs
2B 30Mmbocgdolismgzgol;

8. JgLOMEgdMos  Jogdmeo  d99ag00L  LodMoEomo  33eg30l  899a900.

dmyzsbomo 3bOowgdo s 3095303900 23083969396 Mmoo F9gagdol 3GModEHozmw
36093690 mdsb.
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